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Preface

This volume contains a selection of papers presented at the 9th Workshop on
Membrane Computing, WMC9, which took place in Edinburgh, UK, during
July 28-31, 2008. The first three workshops on membrane computing were orga-
nized in Curtea de Arges, Romania — they took place in August 2000 (with the
proceedings published in Lecture Notes in Computer Science, volume 2235), in
August 2001 (with a selection of papers published as a special issue of Funda-
menta Informaticae, volume 49, numbers 1-3, 2002), and in August 2002 (with
the proceedings published in Lecture Notes in Computer Science, volume 2597).
The next five workshops were organized in Tarragona, Spain, in July 2003, in
Milan, Italy, in June 2004, in Vienna, Austria, in July 2005, in Leiden, The
Netherlands, in July 2006, and in Thessaloniki, Greece, in June 2007, with the
proceedings published as volumes 2933, 3365, 3850, 4361, and 4860 of Lecture
Notes in Computer Science.

The 2008 edition of WMC was organized at Heriot-Watt University, by the
School of Mathematical and Computer Sciences, under the auspices of the Eu-
ropean Molecular Computing Consortium (EMCC) and IEEE Computational
Intelligence Society (Emergent Technologies Technical Committee, Molecular
Computing Task Force). This time most of the invited talks were given by
speakers from outside the membrane computing community. The goal of this
planing was to provide an opportunity for distinguished researchers from the
bioinformatics and systems biology communities to learn about and to appreci-
ate membrane systems as modeling platforms, while at the same time allowing
the membrane computing community to learn about current challenges of bioin-
formatics and systems biology, especially those where membrane systems could
be potentially useful.

The six invited speakers were: Vincent Danos (Edinburgh, UK), David Gilbert
(Glasgow, UK), Paulien Hogeweg (Utrecht, The Netherlands), Markus Kirkilio-
nis (Warwick, UK), Francisco-José Romero-Campero (Nottingham, UK), Stephen
Wolfram (Champaign, IL - USA). Extended abstract or full papers related to
most of these invited talks are included in the present volume.

All papers presented at the workshop were collected in a pre-proceedings vol-
ume, published by Heriot-Watt University; the volume was available
during the workshop. Each of these papers was subject of at least three ref-
eree reports. The Program Committee consisted of Artiom Alhazov (Turku,
Finland, and Chigindu, Moldova), David Corne (Edinburgh, UK) — Co-chair,
Pilar De La Torre (Durham, USA), George Eleftherakis (Thessaloniki, Greece),
Miguel-Angel Gutiérrez-Naranjo (Seville, Spain), Oscar H. Ibarra (Santa Bar-
bara, CA, USA), Fairouz Kamareddine (Edinburgh, UK), Lila Kari (London,
Canada), Alica Kelemenova (Opava, Czech Republic), Jetty Kleijn (Leiden, The
Netherlands), Natalio Krasnogor (Nottingham, UK), Van Nguyen (Adelaide,



VI Preface

Australia), Lingiang Pan (Wuhan, China), Gheorghe Paun (Bucharest, Roma-
nia) — Chair, José Maria Sempere (Valencia, Spain), Gyorgy Vaszil (Budapest,
Hungary), Sergey Verlan (Paris, France), Claudio Zandron (Milan, Italy).

A selection of 22 papers are included in the present volume. Most of them
were significantly reworked after the meeting, taking also into account discussions
that took place during the workshop.

Two prizes were awarded during WMC9: one for the best paper, and another
for important contributions to membrane computing.

Three papers were nominated for the first prize:

1. P.A. Abdulla, G. Delzano, L. Van Begin: On the Qualitative Analysis of
Conformon P Systems

2. M. Cardona, M.A. Colomer, M.J. Pérez-Jiménez, D. Sanuy, A. Margalida:
Modeling Ecosystems Using P Systems: The Bearded Vulture, a Case Study

3. V. Nguyen, D. Kearney, G. Gioiosa: A Hardware Implementation of Nonde-
terministic Maximally Parallel Object Distribution in P Systems

The jury (consisting of D. Corne, P. Frisco, and Gh. Pdun) chose the first paper
for the award.

The prize for important contributions to membrane computing was awarded
to Mario J. Pérez-Jiménez, from Seville University, Spain, “for his continuous
and successful enrichment of this field through his exemplary work.” The prize
consisted of a one-year subscription to Natural Computing journal, published by
Springer.

The Organizing Committee consisted of Pierluigi Frisco — Chair, David Corne —
Co-chair, Elizabeth Bain Andrew — Secretary and David Li — Web page developer.

The most complete source of information about membrane computing is the
P systems website from http://ppage.psystems.eu, and its mirror in China
http://bmc.hust.edu.cn/psystems. The address of the workshop website (de-
signed by David Li) is http://macs.hw.ac.uk/wmc9. The logo of the workshop
was designed by Anna Stoutjesdijk.

The workshop was sponsored by the School of Mathematical and Computer
Sciences at Heriot-Watt University, the Engineering and Physical Sciences Re-
search Council (EPSRC), the International Journal on Natural Computing pub-
lished by Springer, Oxford University Press, and the Scottish Bioinformatics
Forum.

October 2008 David Corne
Pierluigi Frisco

Gheorghe Paun

Grzegorz Rozenberg

Arto Salomaa
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Investigation of a Biological Repair Scheme

Vincent Danos', Jéréme Féret?, Walter Fontana?,
Russell Harmer?, and Jean Krivine3

! University of Edinburgh
2 INRIA, CNRS, Ecole Normale Supérieure
3 Harvard Medical School
4 CNRS, Université Paris-Diderot

Abstract. This note details an interaction pattern for the allocation of a
scarce biological resource where and when it is needed. It is entirely based
on a mass action stochastic dynamics. Domain-domain binding plays a
crucial role in the design of the pattern which we therefore present using
a rule-based approach where binding is an explicit primitive. We also a
use a series of refinements, starting from a very simple interaction set,
which we feel gives an interesting and intuitive rationale for the working
of the final repair scheme.

1 Introduction

What is a scheme the reader will ask. As we understand it in this paper, a
scheme or a pattern is a set of interactions between biological agents (we use
the neutral term agent throughout this paper, but one can think of them as
idealised proteins) which has a noteworthy property and which one can study
and recognise under various guises in various systems. A well-known example is
that of a reversible covalent modification system that can be made to behave,
under well-chosen conditions, as an ultra-sensitive switch [I]. Another related
one is that of an autophosphorylating kinase that shows bistable behaviour and
can be used as a memory [2]. Importantly, the often non-intuitive kinetic and
topological aspects of biological schemes are integral to their functioning. As
such, they differ from static network motifs & la Alon [3] which are singled out
because of their statistical properties, not their dynamical ones.

Consider a scheme where an agent X that can be activated by two upstream
‘input’ agents I, Ip, and can in turn activate two downstream ‘output’ ones 0,
0,. Suppose that in the sole presence of I; only 0; gets significantly activated.
From these simple premisses one can obtain a wide range of behaviour. Specifi-
cally, I can be made to completely override the effect of I;, meaning that when
I, is present the only significant amount of downstream activity is that of 05 ir-
respective of the presence of I;. However this is only when the interaction rates,
copy numbers (eg X must be saturated by the inputs Is), and binding interfaces
(eg X must use a different binding interface for the inputs Is and for the outputs
Os) are well chosen. Thus the corresponding static motif would retain very little

D. Corne et al. (Eds.): WMC9 2008, LNCS 5391, pp. 1{12,]2009.
© Springer-Verlag Berlin Heidelberg 2009



2 V. Danos et al.

of the information on which the scheme hinges, it would be too abstract a view
on it. Indeed many behaviours can be extracted even from the basic feed-forward
motif [4] (see also Ref. [5] for an extensive discussion of the under-determination
of motifs).

The situation is similar for the scheme we will define in this note. One has a
target agent T that sporadically decays into a bad state. Repair is provided by
an agent K, but in some rare cases also needs a helper agent H. The question is
how to allocate this scarce and scarcely needed repair resource H so that repair
proceeds efficiently. In a world of centralised computations, to get that resource
when and where it is needed is a trivial question, as one can just order the Hs
to go where they are needed. Our scheme offers a distributed computational
solution that relies entirely on mass action (ie on chance collisions). Incidentally,
this pattern was taken form a larger model where it is combined with the setting
up of a transient memory to obtain what one might call and error-correcting
mechanism[] Indeed schemes will often be combined in a biological situation to
obtain interesting effects. We are not addressing here the interesting and difficult
question of how schemes should be composed, though.

There comes the question of what notation or language to use to represent
and study such schemes. As said, they often use in a crucial fashion the dynamics
of domain-domain binding -which means both the kinetic aspects of binding and
the topological constraints induced by the agents’ domain structures which may
or may not allow simultaneous binding. There is a recent and growing recogni-
tion that such structural detail matters in the statistics of the static properties
of protein networks [6]. We believe the same broadly holds for the understanding
of their dynamics and have developed in the Kappa project [7] a simple notation
for binding which is particularly useful for combinatorial situations (as eg in
cellular signalling) and which we will use here. Note that Kappa is one of the
few languages to propose such a direct notation (see also the BNG language [g]).
Basic interactions are expressed as rules -not as reactions as in the traditional ap-
proach using differential equations or Petri nets, or as agent-centric interactions
as in process-algebraic approaches [9].

As we will see below, the presentation of the scheme dynamics as a set of
rules not only allows for a crisp description, but also allows one to derive the
scheme by a succession of rule refinements, starting from a very basic model. We
believe this derivation illuminates the function of our interaction pattern and
demonstrates the relevance of refinement as an explanatory force (see Ref. [10]
for more examples, and a rigourous account of refinement).

We postpone the discussion of the significance of the notion of refinement,
and how one can think of it in relation to the actual evolution of protein net-
works, to the concluding remarks, and start with an informal presentation of our
representational language Kappa (§2), and an outline of the paper (§3).

1 A model of epigenetic information maintenance, unpublished work in collaboration
with Arndt Benecke.
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2 Kappa, Briefly

Kappa is a fully implemented stochastic calculus of binding and modification
that addresses the modelling of fine-grained regulation in biological systemsE
The unique construct known to Kappa is called an agent (usually meant to rep-
resent a protein), a name (eg identifying the corresponding protein) and a set of
sites (eg the protein binding domains and modifiable amino-acids). Each site can
carry a value, generally used to represent post-translational modifications. The
set of values taken by the sites of an agent is commonly called the agent internal
state, and an event that modifies the agent internal state is called a modification.
Agents can also use sites to bind other agents -with the key restriction that a site
can be used to bind at most one other site at a time. Often the modification of
an agent results from another agent binding and modifying it. This is a natural
way to represent, for instance, the basic interaction of a substrate with a kinase
(as in the example right below).

Events such as binding, unbinding, and modification are described by rules
specifying under which condition they may happen. This places Kappa in the
family of rule-based modelling languages; another member of this small family
is the BNG language. Rules have rates, and following the mass action principle,
the likelihood that a given rule applies to a particular system x is proportional to
the number of its instances in « multiplied by its rate, aka the rule’s activity. The
accompanying time advance is on average inverse to the cumulated activity of
all rules operating on z. So Kappa is a quantitative framework. The particular
case where agents have no sites, and therefore cannot be bound or modified
is equivalent to stochastic Petri nets (aka flat chemical reactions, or multiset
rewriting). In the presence of sites however, the underlying rewriting theory is
richer and is best seen as a kind of stochastic graph rewriting (this point of view
is developed in Ref. [I0]).

Kappa uses concurrency concepts to dissect the intricate causation mecha-
nisms one finds in protein networks [7]. Tracking down the fate of an agent and
accessing the fine causal structure that produces an event of interest is useful as
we will see below. In our particular example another interest of using Kappa is
that we can derive it by a succession of refinements.

Before we turn to describing our strategy to derive our scheme, let us begin
with a simple kinase and substrate example to explain the notation we use and
illustrate the notion of refinement.

2.1 An Example

Consider a kinase K, and T its target, and suppose T has two phosphorylatable
sites = and y; one can decompose each phosphorylation event in a triplet of
elementary ones 1) K binds its target T at site x or y, 2) K may (but need not)
phosphorylate the site to which it is bound, 3) XK dissociates from T.

2 The Kappa implementation includes a graphical interface, is free for academic usage,
and can be obtained at support@plectix.com.
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This translates in the following rules (three per sites in T):

K(a'), T(x),) — K(a')
K(a),T(y) — K(a'
K(a'),T(y") — K(a 7T(y
ro 1= K(al),T(y}L)

In the textual notation we are using here, internal states are shown as subscripts
u (unphosphorylated) and p (phosphorylated) to the sites they are attached to;
bonds are represented as shared superscripts across agents to indicate the two
endpoints of a link. The number chosen to name a link is irrelevant, as long as
it is unique. A double arrow indicates a reversible rule. The left hand side of a
rule specifies a condition to trigger the rule, while the right hand side specifies
the various changes occurring as a consequence of applying the rule. Thus the
third reaction says that when X is bound to T at x, x may be phosphorylated.

Importantly, the sites of an agent need not all be present in a rule, eg in the
first rule above, T does not mention y. Likewise, if a site is mentioned at all, its
internal state may be left unspecified, eg in the same first rule one does not say
whether x in T is phosphorylated or not. This is the trivial but crucial ‘don’t care,
don’t write’ convention: only the conditions bearing on the application of a rule
need to be represented. Not to put to fine a point on it, the agility of the rule-
based approach relies entirely on the ability to trigger events based on partial
conditions, an ability that ordinary methods do not have, and process-algebraic
methods only partially have (for a more extensive account of the rule-based
accrued flexibility see Ref. [I1]). Technically partial matches rely on a suitable
notion of site graph morphism [I0].

2.2 Variants

Another point worth noticing is that Kappa’s fine-grained notation forces one to
make one’s mechanistic choices explicit. Let us consider a few possible variants
(among many) of the rules above:

( )’ (xlayu) (al)’ ( 7yP)
ri i=K(a'), T(zy) — K(a), T(x)
ry :=K(a'), T(z,,y.) — K(a"), T(zy, yp)

The first rule extends the modification capacities of K by allowing it to modify T
at site y while being bound at  (when y is free); one sometimes say K is processive
in this case. The second rule rj allows K to dissociate from T at = only when z is
modified. The third rule 4 forces the modification order, that is to say y can only
be modified after x is; it introduces a new notation, using a ? superscript on x to
mean that x can be free or not -all that counts is that x is modified.

One can combine the above variants, and exchange the roles of z, and y to
obtain a rather large set of variations on what is presumably the simplest scheme,
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ie covalent modification. These various choices are just as key to the dynamics as
rule rates are. As said in the introduction access to this fine-grained description
is crucial to the definition of a scheme.

The variant rules 7}, 5 have in common that they are more specific than
respectively 71, and ro. For instance, ] now ensures that K does not let go
of its substrate too early, whereas this was possible according to the original
dissociation rule r1. By setting a high rate r} one could also make sure it does
let go of the substrate fast when it has been modified. (Presumably one will find
cases where selection has led to the evolution of such smart enzymes.)

The substitution of r; with the smarter ], or ro with 4 are simple exam-
ples of refinement, whereby a rule is replaced with one or more rules that are
more specific than the initial rule. While working out in full generality when a
refinement is neutral [I0], ie when it preserves the underlying dynamics, is not
easy, for the simple refinements we need here, an intuitive understanding of the
notion will be enough.

3 Outline

Now that we have a better idea of the language we will use, let us explain how
we organise the derivation and study of our pattern in the next section (§4).
We first consider a model where:

— a target agent Ty(k) has one site k which can be in one of two internal
states, written Ty (Kyes), and Ti(kno) (as in §2, internal states are shown as
subscripts);

— damage happens to T; which means its unique site can spontaneously switch
or decay from the ‘yes’ to the ‘no’ state: T1(k;es) — Ty(k2,)

— damage can be subsequently repaired by an agent K.

(Remind that the superscript ? in the rule above indicates that this event may
happen irrespective of whether & is bound or free.)

In order to calibrate the model and measure how well it is doing, we observe
how many Ts are free in the ‘yes’ state, and how many of these are ‘sleeping’
-meaning they are in the correct ‘yes’ state but still bound to K. It is rather easy
then to build a basic model that works to our satisfaction in terms of efficiency,
ie how fast T; is repaired, and this concludes our first step.

The next step consists in perturbing the initial model by introducing a variant
T, of our initial target agent Ty. This new agent T, will have the same rules as Ty
except for repair. Specifically, we will suppose that in order to repair To, K needs
to be bound to a helper agent H. Intuitively one can think of T, as being more
fragile or needing more work to be put back in the correct ‘yes’ state. Obviously,
if no rule could sense the Ty, T, distinction the behaviour would be unchanged,
but precisely the postulated fragility of T, introduces such a distinction.

As we will see, this second step can presented by ways of refinement. Under
quite general conditions it will break down the repair mechanism, the reason for
this being that Hs are distributed uniformly across Ks and will have no reason to
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be where they are needed, ie with these particular Ks that happen to bind a T,
and not a T;. In fact, the smaller the fraction of T, and the more their necessary
helpers H will be ‘diluted’.

So the next and last step aims at repairing the repair system. One cannot
order an H to go where it is needed, however it is entirely possible to trap it
there and have it stay longer. To do so, it suffices to refine the rule in charge of
the dissociation of the KH bond and modulate its rate depending on whether X is
bound to a T, (low rate) or not (high rate, including the case X is not bound to a
target). With this counter-refinement one obtains the pattern we are interested
in. No central scheduling mechanism directs Hs to Tys, the refinement just makes
the places in need of an H stickier. Yet this purely local trick works just as well as
a centralised one would. It is an altogether different (and interesting) question
to know whether this construct is also something one can engineer in vivo.

4 The Scheme

With our plan in place we can turn to the next section. All the code presented
there is written in the syntax of the tool we use to examine the behaviour of our
succession of models, and can be used as is. For this to be possible we switch now
to a pure ascii notation, whereas so far we had used more mathematical notations
with internal states as subscripts and bindings as exponents. Hopefully the slight
change of syntax will feel natural.

4.1 A Simple Repair Model

To begin with we have three agents K(¢, h), H(k), T1(k) with the interaction rules
shown below. Stochastic rule rates are indicated on the right of each rulel

K(t'1),T1(k!'1) -> K(t),T1(k) @ 100
K(t),T1(k) —> K(t!1),T1(k!'1) @ 1
K(t!1),T1(k"no!1) -> K(t!1),T1(k"yes!1) @ 50

Ti(k"yes?) -> T1(k™no?) @ 1

K(h'1) ,H(k!'1) -> K(h),H(k) @ 500
K(h) ,H(k) -> K(h'!1),H(k!1) @ 10

One recognises the first three rules as a simple modification triplet, where neither
the association, nor the dissociation rule are smart in the sense of the preceding
discussion (§2.2). The fourth rule expresses T;’s spontaneous decay. At this stage
H plays no role, and is just a passive bystander that may bind K as specified in
the last two rules. Not however, while the KH binding has the same equilibrium
constant has that of the KT one, we have this binding more labile by using higher
on- and off-rates. This will play a role in the implementation of our scheme.

3 Remind that a stochastic bimolecular rate + is related to its intensive deterministic
analogue as YAV = k where V is a volume and A is Avogadro’s number.
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As initial conditions we pick:

%init: 10 * (K(h,t))
%init: 10 * (H(k))
%init: 100 =* (Tl(k”yes))

As for observables, meaning the objects that we want the simulation to keep
track of, as said in §3, we pick the free T1(kyes), the sleeping ones Ty (k) where
Ty is bound on k and yet in a proper internal state, and K(h ) the number of Ks
bound to an H -an observable which allows us to monitor the saturation of K on
its H side (of which more later):

%obs: T1(k“yes)
%obs: T1(k“yes!_)
%obs: K(h!_)

This completes the definition of our first model and with this choice of pa-
rameters, we find that at steady state about 60% of the Tys are repaired and
free (Fig.[d). The remainder of the Tys can be considered as being under repair,
including those 5% T;s that are already repaired but not yet released by K.

To ease the reading by reducing variance, copy numbers are rescaled by a
factor of 10 in all plots (and bimolecular rates compensated accordingly).

simple repair model

100

T
[K(h! )] ——

[Tl(k~yes! )] ——— |
[T1(k~yes)]

90

50 |- i

Copy numbers

40 | E

30 - 4

20 E

Time

Fig. 1. A run of the simple repair model (rescale 10, 500 data points): about 60% of
the Tis are free and in the ‘yes’ state; about another 5% are yet to be released; finally
about 30% of the Ks are bound to an H

4.2 Introducing T,

We now take a strict duplicate of Ty which we call T, with identical rules. To do
this we could use a refinement introducing a fictitious site of T; with an internal
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state telling whether the agent is a Ty, or a Ta. (In general, one can encode agent
names as internal states that no rule can ever change.)
Equivalently, we just copy the rules:

K(t'1),T2(k!'1) -> K(t),T2(k) @ 100
K(t),T2(k) —> K(t!1),T2(k!1) @ 1
K(t!1),T2(k"no!1) -> K(t!1),T2(k"yes!1) @ 50

T2(k"yes?) -> T2(k™no?) @ 1

We also need to make room for our variant agent in the new initial state (K,
H remain as before at 10 each). We choose here to divide evenly the population
into 50% of Tys and Tss.

%hinit: 50 * (T1(k"yes))
%hinit: 50 * (T2(k"yes))

We add the following new observable
%hobs: T2(k"yes)

As expected (Fig. [2) nothing changes and the evolution of T, is similar to that
of Ty modulo a rescale (inducing somewhat wider fluctuations).

simple repair with T2

50

T
[K(h! )] ——

as [T2(k~yes)]
[T1(k~yes)]

Copy numbers

Fig. 2. The repair model with T, added (rescale 10, 500 data points): since no rule
distinguishes T; and Ta: nearly 60% of the T»s are free and repaired at steady state just
as for the Tis; one sees wider fluctuations because of the population divide
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4.3 Ty’s Specific B-Mediated Repair

Now is the time where we change our rule set significantly as we replace the
above T, repair rule with the following:

K(t!1,h!_ ), T2(k"no!1) -> K(t!1,h!_),T2(k"yes!1) @ 50

whereby we specify that in order for K to be able to repair Ts, K must be bound

to the helper agent H. This constitutes a (non neutral) refinement (the other case

where K is free on h is assigned a zero rate). Note that in the actual formulation of

the rule, it suffices to state that K is bound on its A site, since only H binds there.

This convenient abbreviation would not work if other agents could bind K at h.
As a result we observe a sharp degradation of Ty’s repair (Fig. B)).

repair with H-dependent T2

T
[K(h)] ——
s [T2(k~yes)]

| [T1(k~yes)]

Copy numbers

Fig. 3. The third repair model where T,’s repair is H-dependent (rescale 10, 500 data
points): less than 20% of the T»s are in the ‘yes’ state

Importantly, the behaviour obtained here depends on whether K is saturated
by H, or in other words on how high the probability that a given K is bound to a
T is. To monitor this probability we have added the number of bound Hs in each
plot. This probability depends only on the equilibrium dissociation rate of the K
and H binding and their initial copy numbers H and K. If it is 1, then T; and T,
are again indistinguishable, since T, only behaves differently when H is absent,
so Ty will be repaired just as well as Ty. If it is 0, then T, will never be repaired.
With our specific choices one has roughly 20% of the K bound to an H, so K is far
from being saturated on its H binding site. Even in such intermediate conditions
Ta(kyes) goes down steeply -which will make the rescue (to come next) more
spectacular. One might say that Hs do not find Tys, and there is a ‘stochastic
dilution’ effect.
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4.4 Repairing T,’s Repair

To counter the stochastic dilution of the repair process all one needs is a re-
finement of the KH dissociation rule. Specifically, we replace that unconditional
dissociation rule with the following three rules:

K(h'1,t) ,H(k!1) -> K(h,t),H(k) @ 1000
K(h!1,t!2) ,H(k!1),T1(k!2) -> K(h,t!2),H(k),T1(k!2) @ 1000
K(h!1,t!2) ,H(k!1),T2(k!2) -> K(h,t!2),H(k),T2(k!2) @ 0.001

We are trying to trap H when a T, stands on the other site of K. Thus H will
reside longer where it is needed. In the other cases, that is when K is either free
on t, or bound to a T, we increase the dissociation rate so that Tos do not linger.
The fact that we have chosen early on high on- and off-rates for the KH binding
enhances the efficiency of this strategy, since H will explore quickly its potential
partners until it finds one that is engaged in the repair of a Ts.

With the above refinement and rate manipulation, one obtains a far more
efficient repair rate for Ty, as one can see on Fig. [l It is important to note that
this is not obtained by pushing the KH binding into saturation; indeed, as one
can also see, the occupancy rate of Hs has not increased.

repair model with H-dependent T2 and refined H dissociation

50

T
[K(h! )] ——

[T2(k~yes)]
[T1(k~yes)]

45

e
E
30 |

25

Copy numbers

20

Fig. 4. The last repair model obtained by refining KH dissociation: nearly 50% of the
T»s are free and repaired, which is better than before (Fig. B)), and nearly as good as
in the original model (Fig. 2l). Take note that there is no significant increase in the H
binding to K (lower red curve).

In a biological situation, presumably T, will have a function which it can only
perform when in its correct ‘yes’ state, and the additional availability afforded
by the refinements above could make all the difference.
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5 Conclusion

In the repair scheme we have presented, one has a repair agent K which can
recognise different targets, and bring a helper H to to participate in the process
for some specific targets. The question is how to get the said helper where it is
needed. An easy solution would be to saturate K, in a manner vaguely reminiscent
of a Swiss knife, but this begs the question of whether there is perhaps a more
elegant and parsimonious solution, where the knife would self-assemble only
where and when needed. Indeed, there is one which we have shown in this note,
and which one could compare to a stochastic ratchet. This pattern of interaction
could extend further than the particular confines of the problem we meant to
elucidate in this note -clearly.

With the careful derivation of this scheme, we have made a numerical case
for our initially informal intuition, ie we have shown it made numerical sense.
This is one of the traditional role of modelling in biology, to strengthen one’s
assumptions by putting them to numerical test. This we have done purely by
simulations, and it would be very interesting to pursue this investigation with a
more mathematically grounded approach. Perhaps with a set suitable simplifying
assumptions one could have an entirely analytical approach of the problem,
which would greatly help to understand how the several parameters at play
(rates and copy numbers) impinge on the efficiency of our scheme. In particular,
with a purely numerical construction as the one we offered here, it is unclear how
the scheme behaves if one changes the fractions of the various repair targets.

As said in the introduction, this scheme was placed in combination with others
in a simple model of an aspect of epigenetic repair. In this larger model the helper
H stochastic dilution is even more of a problem since non repairing the target
on time compromises a temporary memory and leads to permanent mistakes,
not just inefficiencies. An interesting consequence of the above investigation is
that we have an example where very labile binding (meaning with high off-
and on-rates) of the repair agent K to its target is crucial. It has already been
observed that key dissociation rates in epigenetic repair are higher than would
seem reasonable. It may be that one will observe labile fast diffusing agents as
well.

Finally, another point worth noticing is that the scheme was derived by a
succession of refinements. In so doing we may also have given some substance
to the idea that this scheme can be rather easily ‘evolved’ by variation and
subsequent selection. This is a question that we wish to return to in the future.
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Abstract. BioModel Engineering is the science of designing, construct-
ing and analyzing computational models of biological systems. It is in-
spired by concepts from software engineering and computing science.

This paper illustrates a major theme in BioModel Engineering, namely
that identifying a quantitative model of a dynamic system means build-
ing the structure, finding an initial state, and parameter fitting. In our
approach, the structure is obtained by piecewise construction of models
from modular parts, the initial state is obtained by analysis of the struc-
ture and parameter fitting comprises determining the rate parameters of
the kinetic equations. We illustrate this with an example in the area of
intracellular signalling pathways.

1 Introduction

BioModel Engineering takes place at the interface of computing science, math-
ematics, engineering and biology, and provides a systematic approach for de-
signing, constructing and analyzing computational models of biological systems.
Some of its central concepts are inspired by efficient software engineering strate-
gies. BioModel Engineering does not aim at engineering biological systems per
se, but rather aims at describing their structure and behavior, in particular
at the level of intracellular molecular processes, using computational tools and
techniques in a principled way.

In this paper we present some techniques for the systematic construction of
models of biochemical systems from constituent building blocks, and how such
models can be tuned to exhibit some desired behaviour, applying our approach to
a signal transduction pathway. Our presentation is aimed at computing scientists
and software engineers who want to learn how their skills can be successfully
applied in modern systems biology.

After a brief introduction of the biological context, this paper illustrates a
major theme in BioModel Engineering, namely that identifying a (qualitative)
model means (1) finding the structure, (2) obtaining an initial state and (3)

D. Corne et al. (Eds.): WMC9 2008, LNCS 5391, pp. 13]28] 2009.
© Springer-Verlag Berlin Heidelberg 2009
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parameter fitting. In our approach, the structure is obtained by piecewise con-
struction of models from modular parts, the initial state which describes con-
centrations of species or numbers of molecules is obtained by analysis of the
structure and parameter fitting comprises determining the rate parameters of
the kinetic equations by reference to trusted data.

2 Biochemical Context

There are many networks of interacting components known to exist as part
of the machinery of living organisms. Biochemical networks can be metabolic,
regulatory or signal transduction networks.

In this paper we focus on signal transduction, which is the mechanism which
enables a cell to sense changes in its environment and to make appropriate re-
sponses. The basis of this mechanism is the conversion of one kind of signal into
another. Extracellular signaling molecules are detected at the cell membrane by
being bound to specific trans-membrane receptors that face outwards from the
membrane and trigger intracellular events, which may eventually effect tran-
scriptional activities in the nucleus. The eventual outcome is an alteration in
cellular activity including changes in the gene expression profiles of the respond-
ing cells. These events, and the molecules that they involve, are referred to as
(intracellular) “signalling pathways”; they contribute to the control of processes
such as proliferation, cell growth, movement, apoptosis, and inter-cellular com-
munication. Many signal transduction processes are “signalling cascades” which
comprise a series of enzymatic reactions in which the product of one reaction
acts as the catalytic enzyme for the next. The effect can be amplification of the
original signal, although in some cases, for example the MAP kinase cascade, the
signal gain is modest [22], suggesting that a main purpose is regulation [14] which
may be achieved by positive and negative feedback loops [3], although there may
be some feedback redundancy with respect to receptor internalisation [19].

3 Modelling Using Building Blocks Based on Enzymatic
Reactions

Formally, a quantitative model of a biochemical pathway can be described by a
tuple < T, M, K, R > where T is the topology (biochemical species and their con-
nectivities), M an initial state describing concentrations or molecular numbers of
species, K a set of kinetic equations and R a set of kinetic rate parameters. A qual-
itative model comprises at least the topology T with optionally an initial state.
In this section we discuss how signal transduction cascades can be modelled
in a modular fashion using a building-block approach, which will generate the
topology T and set of kinetic equations K of a model. We have shown in previous
work [4] how building-block based construction can be achieved using both a
qualitative approach — Qualitative Petri nets, and quantitative approaches —
Continuous Petri Nets and Ordinary Differential Equations (ODEs), but in this
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review we restrict our discussions to ODEs. In the following sections we will
introduce techniques to generate an initial state, or in Petri net terminology
marking and obtain a set of rate parameters for the model.

The basic building block of any biological dynamic system is the enzymatic re-
action: the conversion of a substrate into a product catalysed by an enzyme. Such
enzymatic reactions can be used to describe metabolic conversions, the activation
of signalling molecules and even transport reactions between various subcellular
compartments. Enzymes greatly accelerate reactions in one direction (often by
factors of at least 10%), and most reactions in biological systems do not occur at
perceptible rates in the absence of enzymes. We can illustrate a simple enzymatic
reaction involving one substrate A, one product B, and an enzyme E by

AL B, (1)

3.1 Basic Kinetic Descriptions

In general, there are two ways to describe the kinetics of enzymatic reactions:
Michaelis-Menten and Mass-action.

Michaelis-Menten
The Michaelis-Menten equation for the basic enzymatic reaction is given in
Equation [IMM]

(4]
Ky + [4]
where V is the reaction velocity, Vinax is the maximum reaction velocity, and
Ky, the Michaelis constant, is the concentration of the substrate at which the
reaction rate is half its maximum value. The concentration of the substrate A
is represented by [4] in this rate equation. With the total enzyme concentration
[E7] and the equation

V= Vmax X (MM)

Vimax
kot = 2
cat [ET] ( )
we are able to write the differential equations describing the consumption of the
substrate and production of the product as:
dlA] _ d[B] [A]
= — = —kcat x |E7| % 3
dt dt [Ex] (K +[A)) ®)
The Michaelis-Menten equation only holds at the initial stage of a reaction
before the concentration of the product is appreciable, and makes the following
assumptions:
1. The concentration of product is (close to) zero.
2. No product reverts to the initial substrate.
3. The concentration of the enzyme is much less than the concentration of the
substrate, i.e. [E] < [A].

Although these are reasonable assumptions for enzyme assays in a test tube,
assumptions 1 and 2 do not hold for most metabolic pathways in vivo, and none
of the assumptions is correct for cellular signalling pathways.
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Mass-Action

A more detailed description using Mass-action kinetics can be given by taking
into account the mechanism by which the enzyme acts, namely by forming a
complex with the substrate, modifying the substrate to form the product, and
a disassociation occurring to release the product, i.e. A+ E = AF — B+ FE. In
order to take into account the kinetic properties of many enzymes, we associate
rate constants with each reaction. Thus the enzyme E can combine with the
substrate A to form the A|E complex with rate constant k1. The A|E complex
can dissociate to E and A with rate constant ko, or form the product B with
rate ks3:

k1 ks

A+ FE A|E—>B+E. (MAl)
-
k2

This simple mass-action model is related to the Michaelis-Menten Equa-
tion [MM] as described previously by the following constraints:

ko + k3

b =K (4)

where kg = kcat = V[IE?]X as in Equation
We can derive a set of differential equations, see Equation [l from the mass-
action description given in Equation [MAT}

WA = k) x [A] x [E] +k2 x [A]E]

AAIEL — k) x [A] x [E] —ka x [A|E] —ks x [A|E]

Bl — +k3 x [A|E]

d([ﬁ] = —ky x [A] X [E] +k2 x [A|E] +ks x [A|E]

The mass-action model described in Equation [MAT] assumes that almost none
of the product reverts back to the original substrate, a condition that holds at the
initial stage of a reaction before the concentration of the product is appreciable.
This means that this type of mass-action model is a direct equivalent of the
Michaelis-Menten equation, and will face the same limitations when applied to in
vivo signalling systems. However, the mass-action description offers much more
flexibility and thus can be easily expanded to cover more general situations, for
example Equations and below.

k1 ky

— A —
A+E__A[E-%B|[E__B+E (MAZ2)

k2 34
A+E__A[E_BIE__B+E (MA3)
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3.2 Modelling One Step in a Signal Transduction Cascade

One step in a classical signal transduction cascade comprises the phosphorylation
of a protein by an enzyme S which is termed a kinase, see Figure[Il It is the phos-
phorylated form R, which can act as an enzyme to catalyse the phosphorylation
of a further component in the cascades, see Figure B(a).

R/_\Rp

Fig. 1. Basic enzymatic step; R — signalling protein; Rp — phosphorylated form;
S — kinase

We can model this reaction using any of the kinetic patterns introduced in
Section 3] e.g., the Mass-action MA1 pattern as follows, straightforwardly
adapted from Equation [MAT] by renaming in Equation [6, where R is a protein
and R, its phosphorylated form, S is a signal enzyme and R|S the complex
formed from R and S:

LN s
R+S(_R\S—>Rp+5 (6)
ko

In order to ensure that such a single step is not a ‘one shot’ affair (i.e. to
ensure that the substrate in the non-phosphorylated form is replenished and
not exhausted), and hence that the signal can be deactivated where necessary,
biological systems employ a phosphatase which is an enzyme promoting the de-
phosphorylation of a phosphorylated protein. This is depicted in Figure 2], which
we are going to model by our Mass-action pattern.

Fig. 2. Basic phosphorylation—dephosphorylation step; R — signalling protein; Rp —
phosphorylated form; S — kinase; P — phosphatase

Using the MA1 pattern (Mass-action kinetics) we get Equation [1, where P
is a phosphatase and k,, kr, are rate constants for the forward and reverse
reactions respectively. In many cases it would also be justified to model the
dephosphorylation as an un-catalysed first-order decay reaction, because detailed
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knowledge of phosphatase concentrations, specificities, and kinetic parameters
is still lagging behind our understanding of the kinase enzymes.

k
R+S__RIS™ R,+S
B s (7)
R+P & RPT R, +P
__ 1y
]{)Tz

3.3 Composing Kinase Cascades Using Building Blocks

Once we have defined the building blocks, we can compose them by chaining
together basic phosphorylation—dephosphorylation steps.

Vertical and Horizontal Composition. Composition can be performed verti-
cally as in Figure[3|(a) to form a signalling cascade, where the signalling protein in
the second stage is labelled RR and its phosphorylated form is labelled RR,,. Hor-
izontal composition is illustrated in Figure B((b) where a double phosphorylation
step is described; the double phosphorylated form of a protein is subscripted by pp.

We can again use any of the kinetic patterns that were previously introduced
in order to derive the models. For example, using MLA1 we can represent a two-
stage cascade illustrated in Figure Bl(a) by the following mass-action equations,
ignoring for the sake of simplicity the dephosphorylation steps in the textual
representation. The rate constants associated with the second stage are labelled
kk,,. We would not expect the dephosphorylation rate constants to be related to
the phosphorylation rate constants.

kl
R+ 5 R\Sl —= R, + S1
kkl‘” (8)
— kkg
RR+R,___ RR|R, —> RR, + R,
kko
(a) S1 (b) S

Fig. 3. (a) Vertical composition: Cascade formed by chaining two basic phosphorylation-
dephosphorylation steps. (b) Horizontal composition: One stage cascade with a single to
double phosphorylation step.
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The addition of a double phosphorylation step to a cascade layer is given in
Figure [B(b), where both the single and double phosphorylation steps are catal-
ysed by the same enzyme S; likewise, the two dephosphorylation steps are usually
catalysed by the same phosphatase P. This system component can be described
by Equation [ if we apply the mass-action kinetics M A1 and ignore again for
the sake of simplicity the dephosphorylation steps in the textual representation.
The rate constants associated with the double phosphorylation are labelled kp,,.
Often, we can assume that the rate constants for the two steps of the double
phosphorylation are similar to those for the single phosphorylation.

R+S__R|S=R,+58
o (9)
— kp3
R,+8 ___ RS —>Rp+S
kp2

3.4 Negative and Positive Feedback

Feedback in a signalling network can be achieved in several ways. For example,
negative feedback can be implemented at the molecular level by sequestration
of the input signal S; by the product of the second stage RR,. This system is
sketched in Figure d(a), and can be achieved by combining equations [ and

Similarly, positive feedback can also be achieved by the sequestration of the
input signal Sy by the product of the second stage, under the additional condition
that the resulting S;|RR, complex is a more active enzyme than S; alone. In
this case we add Equation [II] to equations [} and The system is sketched in
Figure H(b).

i1

Si+RR, __ Si|RR, (10)
R+ S1|RR, __ R|Si|RR, ™ R, + Si|RR, (11)
kp2

Many other molecular mechanisms can be envisaged and are in fact observed
in biological systems. All of these can be represented using the same basic for-
malism. For example, we can model an influence of RR, on the phosphatase
P, in which case the effects of positive and negative feedback are reversed, i.e.
sequestration of P; by RR, can cause positive feedback — see Figure @(c). This
can be achieved with Equations [} and Alternatively the situation where the
P1|RR, complex is more active than P; will cause negative feedback, Figured{d),
and can be described by adding Equation [I3] to Equations 8 and T2

R
P+ RRP(_Pl\RRp (12)

12
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kr;
—_— kr

R,+ Pi|RR, _ R,|P\|RR, —% R+ P|RR, (13)
kr),

(a) st} (b) s1 <

© st ()] st

Fig. 4. Two-stage cascade with (a) negative feedback, (b) positive feedback; alternative
two-stage cascade with (c¢) negative feedback, (d) positive feedback

4 Deriving Initial States from Qualitative Descriptions

Recall that a quantitative model of a biochemical pathway can be described by a
tuple comprising the topology, an initial marking or set of concentrations, a set
of kinetic equations and a set of rate parameters. Using the approach described
in the previous section we have shown how to construct an initial model with
a topology and set of kinetic equations. In this section we outline an approach
to generate the initial steady state, and in the following section we will describe
one approach to obtain a set of rate parameters.

The most abstract representation of a biochemical network is qualitative and
is minimally described by its topology, usually as a bipartite directed graph with



An Introduction to BioModel Engineering 21

nodes representing biochemical entities or reactions, or in Petri net terminology
places and transitions. Petri nets are a well-established technique for represent-
ing biochemical networks, outlined e.g. in [17], [I2] and for a general introduction
to Petri nets see [18].

The qualitative description can be further enhanced by the abstract represen-
tation of discrete quantities of species, achieved in Petri nets by the use of tokens
at places. These can represent the number of molecules, or the level of concen-
tration, of a species, and a particular arrangement of tokens over a network is
called a marking.

A P-invariant stands for a set of places, over which the weighted sum of
tokens is constant, independently of any firing. So, P-invariants represent token-
preserving sets of places. In the context of metabolic networks, P-invariants re-
flect substrate conservations, while in signal transduction networks P-invariants
often correspond to the several states of a given species (protein or protein com-
plex). A place belonging to a P-invariant is obviously bounded.

A T-invariant has two interpretations in the given biochemical context. The
entries of a T-invariant represent a multiset of transitions which by their partially
ordered firing reproduce a given marking, i.e. they occur basically one after
the other. The partial order sequence of the firing events of the T-invariant’s
transitions may contribute to a deeper understanding of the net behaviour.

The entries of a T-invariant may also be read as the relative transition firing rates
of transitions, all of them occurring permanently and concurrently. This activity
level corresponds to the steady state behaviour [21]. Independently of the chosen
interpretation, the net representation of minimal T-invariants (the T-invariant’s
transitions plus their pre- and post-places and all arcs in between) characterize
typically minimal self-contained subnetworks with an enclosed biological meaning.

In previous work [I0] we have shown how to systematically generate initial
markings from (unmarked) qualitative Petri net descriptions, which can then be
used in corresponding quantitative models. This work took as a concrete example
the RKIP pathway [7], which is a subset of the ERK signalling pathway.

Our approach was to systematically construct suitable initial states by P-
invariants and then to check their suitability by T-invariants, which have to be
feasible. In more detail, having initially created an unmarked place/transition
Petri net, a systematic construction of the initial marking can be made by placing
tokens on places, taking into consideration the following criteria:

— Each P-invariant needs at least one token.

— All (non-trivial) T-invariants should be feasible, meaning, the transitions,
making up the T-invariant’s multi-set can be fired in an appropriate order.

— Additionally, it is common sense to look for a minimal marking (as few tokens
as possible), which guarantees the required behaviour.

— Within a P-invariant, choose the species with the most inactive (e.g. non-
phosphorylated) or the monomeric (i.e. non-complexed) state.

In a previous paper [I0] we created a discrete Petri net model of the RKIP
pathway, and analysed the model to show that it enjoys several nice proper-
ties, among them boundedness, liveness, and reversibility. Moreover, the net is
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covered by P-invariants and T-invariants, all of them having sensible biological
interpretation, and it fulfills several special functional properties, which have
been expressed in temporal logic. Using reachability graph analysis we identified
13 strongly connected states out of 2048 theoretically possible ones, which permit
self-reinitialization of the Petri net. From the viewpoint of the discrete model,
all these 13 states are equivalent and could be taken as an initial state resulting
in exactly the same total (discrete) system behaviour. We then transformed the
discrete Petri net into a continuous model and demonstrated empirically that in
the ODE model the 13 initial states, derived from the validated discrete model,
result in the same (continuous) steady state. Moreover, none of the other 2035
possible initial states result in a steady state close to that derived using those
identified by reachability graph analysis. This approach for steady state analysis
was also successfully applied in another case study [1I] to a larger model of the
core MAPK pathway created by Levchenko et al.[I5].

5 Parameter Estimation Using Model Checking

Model checking is an automated technique for the analysis of reactive systems to
check whether properties, often expressed as formulas of temporal logic, hold for
a model of the system. This technique was originally developed to check models
of technical systems [16], and has been more recently applied to biochemical
networks e.g. [5]. In previous work [§] we have shown in detail how model check-
ing based on temporal logic descriptions of behaviour can be used in parameter
estimation; in this section we summarise the main results.

Temporal logic is well-suited to formally represent semi-quantitative descrip-
tions given by biologists who are often unsure about exact values of biochemical
species over time due to the nature of the wet-lab experimental technology, and
will describe behaviour in a semi-quantitative manner. For example, “the con-
centration of the protein peaks within 2 to 5 minutes and then falls to less than
50% of the peak value within 60 minutes”. A significant challenge is how to
automatically build a model which conforms to semi-quantitative behaviour.

5.1 PLTLc

Linear-time Temporal Logic (LTL) [20] is the fragment of full Computational Tree
Logic (CTL*) [6] without path quantifiers, implicitly quantifying universally over
all paths. LTL has been introduced in a probabilistic setting in [2], and extended
by numerical constraints over real value variables in [9]. PLTLc combines both
extensions, complemented by the filter construct as used in Probabilistic Compu-
tational Tree Logic (PCTL) [I3] and Continuous Stochastic Logic (CSL) [I]. We
start with the LTL with numerical constraints (LTLc) syntax:

¢ = X¢|Go|Fo|oUg | 9RO OV G| dNG|=p[d— |
value = value | value # value | value > value| value > value |
value < value | value < value | true | false

Numerical constraints over free variables are defined in this logic through
the inclusion of free variables denoted by $fVariable in the definition of value.
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Regular variables are read-only values which describe the behaviour of the model,
whereas free variables are instantiated during the model checking process to the
range of values for which the temporal logic property holds. Free variables are
defined to have integer domains initialised to [0 — o) and describe protein
concentrations, numbers of molecules and time. Constraints over free variables,
which involve equality/inequality and relational operators, restrict the domain
of the free variable.

PLTLc enhances LTLc by the inclusion of a probability operator and filter
construct, and the probabilistic interpretation of the domains for the free vari-
ables. The top-level definition of PLTLc is:

Y = Pﬂm[¢] | Pﬂm[¢{SP}]
where ¢ is an LTLc expression. SP is a State Proposition defined to be ¢ without
any temporal operator (X, G, F, U, R), and containing no free variables without
a loss of expressivity. Note that the square and curly brackets are part of PLTLc.
Given that < € {>, >, <, <}, P, is any inequality comparison of the probability
of the property holding true, for example P>q.5. We also permit the expression
P_- returning the value of the probability of the property holding true. We
disallow equality testing of the probability, P—, because of the representation of
real values and the semantics of their equality.

The semantics of PLTLc is defined over a finite set of finite paths through
the system’s state space — stochastic or deterministic simulations, or time series
data recorded in wet lab experiments. Let a path 7 be a finite sequence of states
describing the behaviour of a biochemical system, m = sg, $1, .., $n (n < 00) and
7 be the subsequence of 7 starting from state s;, i < n, thus 7* = s;, Sit1yeeey Sne
Each path in the set of paths can be evaluated to a boolean value as to whether
¢ or ¢{SP} holds. When all paths are evaluated, the number of true values
in the set over the size of the set yields the overall probability of the PLTLc
property. Hence for a stochastic model, where the set of paths is typically > 1,
the probability is in the range [0 — 1] and calculated through Monte Carlo
approximation, whereas a continuous model which contains a single path has a
probability of either 0 or 1.

5.2 Distance Metrics

The distance between a model’s behaviour M and the desired behaviour Mg
with respect to some property ¥ can be calculated using a distance metric.

Perhaps the simplest definition of the metric is the square difference between
the model’s probability of exhibiting some behavioural property 1, P(1) and
desired probability Pyes(1)):

d¢(M7 Mdes) = \P(¢) - Pdes</(/))|2

This approach works well in the stochastic world where the model exhibits
many behaviours and the probability of the property is in the range [0 — 1].
However, in the continuous world there is a single behaviour and the probability
is either 0 or 1, thus the metric is too coarse grained to be used in a search
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algorithm in the continuous world. To be useful in the search algorithm, the dis-
tance metric should return a value which indicates whether altering the current
model has caused its behaviour to be closer to the desired behaviour, therefore
providing a gradient for the search algorithm to ascend. We have defined such a
distance metric for continuous models using a residual sum of squares function
over probabilistic domains of free variables - for more details see [S].

5.3 Computational System

We implemented a computational system called the Monte Carlo Model Checker
with a Genetic Algorithm, MC2(GA). The purpose of this computational sys-
tem is to estimate the parameters of a model to make it exhibit desired behav-
ioural properties. A genetic algorithm is used to move models through parameter
space to minimise their distance to the desired behaviour, checked using a model
checker.

Each model in our MC2(GA) system has a fixed structure and is represented
by a chromosome, which is a set of kinetic rate constant values to be estimated
(the model’s genes) within predefined ranges. The chromosome could equally
include initial concentrations/masses.

In the initial generation, a population of models is created by assigning to
each model random values within the ranges for the kinetic rate constants. Each
model in the population is evaluated to a fitness value related to the distance of
its behaviour to the desired behaviour, hence a model with a smaller distance
to the desired behaviour has a higher fitness. Our approach is to vary models’
kinetic rate constant values in order to maximise their fitness values.

5.4 Case Study: MAPK Pathway

The EGF signal transduction pathway conveys Epidermal Growth Factor sig-
nals from the cell membrane to the nucleus via the MAP Kinase cascade [14].
The core MAPK cascade can be stimulated by both Epidermal Growth Factor
(EGF) as well as Nerve Growth Factor (NGF). The reaction of the cell to EGF
stimulation is cell proliferation, however the response to NGF is cell differentia-
tion. The EGF signal transduction pathway produces transient Ras, MEK and
ERK activation whereas NGF stimulation produces sustained activation. The
underlying differences of the models describing EGF and NGF stimulation is of
key interest to biochemists.

Work reported in [3], which attempted to discover the quantitative differences
in initial concentrations and kinetic rate constants between models of these path-
ways with fixed topology. The authors in that original paper varied the initial
concentrations and kinetic rate constants within biochemically sensible ranges.
Simulation was performed with the model using each parameter value in the
range and the output was manually inspected for sustained Ras, MEK and ERK
activation. A result of this work was the finding that a 40-fold increase in the
kinetic rate constant of SOS dephosphorylation can change the behaviour of
the model from transient activation to sustained activation. In our approach,
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reported in [8] we showed that this analysis could be improved by construct-
ing a formal definition of the desired behaviour in temporal logic, and using
model checking of the desired behaviour to replace the manual inspection of the
simulation outputs.

Characterising the Desired Pathway Behaviour. The behaviour of sus-
tained Ras, MEK and ERK activation arising from NGF stimulation observed in
wet-lab experiment was described in rather informal statements in the original
paper [3].

“The level of RasGTP rapidly reaches a mazximum of up to 20% of total Ras
within 2 min [then] the level of RasGTP is sustained at around 8% of total Ras.”

Similar statements were made about sustained MEK and ERK activation. We
formalised these statements using semi-quantitative PLTLc such that a model
could be automatically checked for these behaviours using the MC2(PLTLc)
model checker. We formalised these statements in a way to account for biological
error by relaxing the constraints, for example that the stable level of RasGTP
is 8% to between 5% and 10%:

Sustained Ras: Active Ras peaks within 2 minutes to a maximum of 20% of
total Ras and is stable between 5% and 10% from at least 15 minutes

P_, [ ( d(active Ras) > 0) A ( d(active Ras) > 0) U (time < 2 A
active Ras > 0.15xtotal Ras A active Ras < 0.2xtotal Ras A
d(active Ras) < 0 A (d(active Ras) < 0 A time < 15) U ( G(
(active Ras) > 0.05xtotal Ras A active Ras < 0.10xtotal Ras ) ) ) |

where the protein RasGTP is found in isolation and in two complexes, thus
active Ras = RasGTP + Ras Raf + Ras GAP and total Ras = RasGTP +
Ras Raf 4+ Ras GAP + RasGDP + Ras ShcGS.

Genetic Algorithm. We first implemented a fitness function for use in MC2
(GA) to describe how close a model is to sustained activation. The descriptions
of sustained Ras, MEK and ERK activation given earlier were not particularly
helpful in the continuous setting due to the probability being simply 0 or 1.
A fitness function based on a description which includes free variables allows
greater expressivity using the probabilistic domains. Hence, we have rewritten
these descriptions of sustained behaviours using free variables, for example:

Sustained Ras with free variables: Active Ras peaks within 2 minutes to
a maximum of 20% of total Ras and is stable between any value in $RasT aill
and any value in $RasT ail2 from at least 15 minutes

P_- [ ( d(active Ras) > 0 ) A (d(active Ras) > 0 ) U (time < 2 A
active Ras > 0.15xtotal Ras A active Ras < 0.2xtotal Ras A
d(active Ras) < 0 A (d(active Ras) < 0 A time < 15) U ( G(
active Ras > $RasTaill A active Ras < $RasTail2) ) )|

We then applied our computational system to find novel parameter sets which
exhibit the desired behaviour. We estimated the values of a set of 16 critical
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parameters identified as being potential candidates for modification by indi-
vidually scanning all parameters and model checking the resulting simulation
outputs. We also applied MC2(GA) to the critical parameters without V 28, to
assess whether V 28 is crucial to achieving sustained activation. We found that if
the critical parameters are estimated with V 28, then the convergence is quicker
and the best model returned was fitter. The best model returned when estimat-
ing the critical parameters had fitness value 1, whereas with V 28 removed the
best model returned had a fitness value approximately 0.93.

Figure [l shows the output of one of the best model returned when estimat-
ing the critical parameters with and without V 28. Both behaviours showed good
similarity (visually and in terms of fitness value) to the behaviour of the NGF sig-
nalling pathway outlined in the original paper. We also found that we can achieve
a model with fitness value 1 through a 16-fold increase of V 28, compared with
the original paper’s 40-fold increase, if we also vary the other critical parameters.

Simulation output of RasGTP Simulation output of MEKPP Simulation output of ERKPP

Percentage of total Ras
Percentage activation
Percentage activation

T T T T T T T T T T T T T T T T T T T T T
0O 10 20 30 40 50 60 0 10 20 30 40 50 60 0 10 20 30 40 50 60

Time (minutes) Time (minutes) Time (minutes)

Fig. 5. The original model of the NGF signalling pathway (dotted) compared with the
best model returned when varying the critical parameters (solid) and when varying
the critical parameters without V 28 (dashed). The best model returned when varying
the critical parameters only required a 16-fold increase in V 28 to achieve fitness value 1.

6 Conclusions

In this paper we have introduced the area of BioModel Engineering which is the
science of designing, constructing and analyzing computational models of biolog-
ical systems. We have illustrated some of the essential activities which BioModel
Engineering encompasses - namely the construction of models of biological sys-
tems within a rigorous design framework, and techniques for the identification of
initial start states, and the determination of rate parameters. We have presented
these concepts in a practical manner, by way of an example in the area of intra-
cellular signalling pathways. Our method is based on a modular building-block
approach to the construction of network topology and associated biochemical
equations, combined with analytical techniques from Petri nets for the determi-
nation of suitable start-states, and a novel model checking approach to drive the
fitting of kinetic parameters.
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Abstract. In order to study the growth and development of cellular
systems one needs a formalism in which one can combine the biophysical
properties of cells with the modulation of these properties by gene regula-
tory processes. I will argue that the multiscale CA formalism now known
as the Cellular Potts Model (CPM) provides a simple yet basically sound
representation of a biological cell, which can be interfaced with gene reg-
ulatory processes. It represents a cell as a highly deformable object which
takes its shape from internal and external forces acting upon it. I will
demonstrate how within this formalism complex large scale morphody-
namic processes can result from local regulation of cell, and in particular
membrane, properties. I will explain morphogenetic mechanisms which
tend to evolve in such systems.

1 Introduction

Biological development, in particular morphogenesis, is a pre-eminent example
of a process which bridges multiple levels of organization.

For modeling these processes we need a multilevel modeling formalism which
allows us to incorporate the following premisses:

— Target morphogenesis (not only pattern formation).

— Use cells as basic unit (growth, division, movement, ...).

— Cell is NOT point, bead, homunculus, but a deformable highly viscous
objects.

— Genes act through cells “with a dynamics of their own”.

Moreover, although biological systems are highly complex the formalism should
allow is to formulate models which are “simple enough but not too simple” (cf.
Einstein).

For these requirements a simple but basically correct representation of a cell
is essential.

2 Some Material Properties of Biological Cells

Properties of cells as material objects which distinguish them from often used
simplified representations are:

D. Corne et al. (Eds.): WMC9 2008, LNCS 5391, pp. 29 2009.
© Springer-Verlag Berlin Heidelberg 2009
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— Biological cells are highly dissipative systems: Viscosity dominates inertia.
— Forces acting on cells can best be described in Aristotelian regime (F—v).
— Resistance to shape-changes intrinsic to cell (Yield).

— Very fast redistribution of intracellular pressure through osmotic pressure
balance due to water flow across membrane (experimentally shown in Para-
mecium by Iwamoto et al., 2005).

— Compressibility under mechanical forces (experimentally shown by, e.g.,
Tricky et al. 2006: they measure a Poisson ratio of .36 in chondrocytes;
volume variations up to 20% have been observed by Iwamoto et al., 2005).

— ’Spontaneous’ membrane fluctuations driven by cytoskeleton when
inhibited adhesion driven cell sorting is reduced (Mombach et al., 1995).

— Cortical tension, and regulation thereof can modify cell shape (see the
review by Lecuit and Lenne, 2007).

3 Modeling the Generic Properties of Biological Cells

A simple model which incorporates these properties is the so-called “Cellular
Potts model (CPM)” (Glazier & Graner, 1993; Graner and Glazier, 1992). It
is a 2 scale cellular automata-like model. The model formulation involves two
intrinsic scales, the micro scale on which the dynamics takes place (the CA scale)
and the scale of the represented biological cell(s), whose (dynamic) properties
impact on the micro-scale dynamics. This is realized as follows:

Fig. 1. Representation of biological cells in CPM

— The cells are mapped to the cellular automaton as a set of contiguous grid
cells with identical state (see Fig. 1).

Cells have an actual volume v and target volume V' (in number of pixels),
possibly a membrane-size m and M, a type 7 (and ...).

Between cells: free energy bond J;; where ¢ and j are the types of the cells.
— Dynamics: Free energy minimization with volume, membrane conservation:

szJQ“ ) Jim + Aw = V) + a((m — M)?,
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where J;; represent surface energy between cells (and J;,, that between a
cell and the medium).
— Copy state of neighboring cell with probability:

P;=1 iff AH < -Y,
P =e BHIY/T  iff  AH > -,
where Y represents the energy expenditure of deformation (Yield).
This energy based model automatically integrates multiple local forces on the

cell. By measuring the deformation of cells these forces can be analyzed.

4 From Cells to Tissue Level Dynamics

Such a representation of a cell can generate a rich variety of tissue level dynamical
properties which include:
OFiaS
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Fig. 2. Size differences may lead to movement “against the flow” (cf. Kéfer et al., 2006)

— cell sorting by differential adhesion,

— individual cells ‘wiggle’ through cell mass,

— individual cells can ‘move against the flow’, e.g., by being smaller/larger;
being in the minority or adhesion (Kéfer, Hogeweg, and Marée, 2006).

5 Interfacing Generic and Informatic Properties of Cells

Important as the generic properties of biological cells are, they do not fully
describe a biological cell. Cells are information rich dynamical entities, which
change their properties continuously, based on intra cellular and extra cellu-
lar signals. Thus to fully describe a cell, one needs to interface the mechanical
properties with the intra cellular gene regulation dynamics.

Such an interface is easily achieved in the CPM formalism, because, although
the basic dynamics is on the subcellular level, the cell exist as an entity in the model
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definition. The state of the dynamics of the intracellular dynamics can be mapped
to the properties of the cell, e.g., its target volume (V'), its cell surface properties
(affecting J;;) etc. By affecting the target volume (V') rather than the actual vol-
ume (v) the cell based dynamics co-determines if and how this state change will
indeed change the cell volume. Likewise, by changing surface receptors, the effect
thereof will depend on the expressed receptors of neighboring cells.

Below is a list of potential ways in which the generic properties of the cells as
defined above can be modified by information processes within the cell, together
with some references to studies which have used this type of interfacing,

— cell differentiation
e.g., governed by gene regulation networks Hogeweg, 2000a,b
leading to (Jij — Ji;)
production of morphogens
changes in Y, V, M

— induced growth V++)
— cell division 0y — 05+ 0j
— squeeze induced apoptosis Chen et al., 1997 (X small)
— stretch induced growth Chen et al., 1997 (if v >V +7:V ++4)

— intra and inter cellular reaction/diffusion systems Savill and Hogeweg, 1997
Marée and Hogeweg, 2001

— chemotaxis (AH = AH + grad)
— polarity: persistent, adjustable directional motion Beltman et al., 2007
— explicit intracellular cytoskeleton dynamics Marée et al., 2006

— particle based modeling of intracellular reaction dynamics
Hogeweg and Takeuchi 2003

In this way a great variety of developmental processes unfolding at many space
and timescales can be studied by relatively simple models. For example, the entire
life cycle of the slime mold Dictyostelium discoideum, which includes a single cell
stage, a crawling multicellular slug which orients itself toward light and temper-
ature, and finally settles down and metamorphoses to a fruiting body has been
modeled in this way (Savill and Hogeweg, 1997; Marée and Hogeweg, 1999, 2001).
Another interesting example is the elucidation of the mechanism of the growth of
plant roots, in particular Arabidopsis. It was shown (Grieneisen et al., 2007) that
the localization of surface receptors (PIN’s) which pump auxin out of the cell, ex-
plains the formation of an auxin maximum near the tip of the root in a matter
of seconds. Through this maximum and the resulting auxin gradients the cell di-
vision and elongation is regulated leading to the characteristic root growth and
morphological changes over a time period of weeks. The shape of the cells turns
out to be very essential for understanding the concentrations of auxin, and there-
with the regulation of growth in the various regions of the root (Grieneisen et al.,
in prep). Notwithstanding the relative simplicity of the model, the predictions de-
rived from the in silico root have been successfully tested in the real plant.
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6 From Cells to (Evolved) Mechanisms of Morphogenesis

Not only do we want to understand the developmental mechanisms of particu-
lar extant organisms, but we also want to gain insight in generic mechanisms
of morphogenesis as a result of the interface between mechanical properties of
cells and the gene regulation. To this end yet another timescale can be added
to the model, i.e., the evolutionary timescale. Hogeweg (2000a,b) studied the
morphogenetic mechanisms which emerged in a population of “critters” which
developed from a single zygote to a multicolor clump of cells. The cells contained
an initially random gene regulation network, which changed its structure over
time by mutations. The selection criterion used was cell differentiation. By using
this criterion, rather than morphogenesis itself for the selection, “generic” mor-
phogenetic mechanisms could be uncovered, i.e., those which emerged as side
effects of cell differentiation.

Examples of the development of so evolved “critteres” are shown in Fig. 3.
Thus, although the basic CPM formalism is an energy minimization formalism,
which therefore tends to lead to “blobs” of cells, the interface with the dynamics
of cell differentiation can lead to interesting morphologies. This is because the cell
different ion process keeps the system out of equilibrium. Then, by this model,
uncovered mechanisms of morphogenesis resemble those described in multicolor

Fig. 3. Evolution for cell differentiation leads to morphogenesis (Hogeweg 2000a,b)

IR LI L
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Fig.4. Convergent extension in bipolar cells (cf Zajac et al., 2003; Hogeweg,
unpublished)
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organisms, both plants and animals. One interesting mechanism is “convergent
extension” in which the polarization and elongation of cells in one direction,
leads to tissue growth in the direction perpendicular to it (see Fig. 4).

7 Conclusions

Previous models of morphogenesis have often confined themselves to pattern for-
mation, e.g., Turing patters (e.g., Meinhardt and Gierer, 2000), or to purely infor-
mation models of cells whose interactions are solely based on ancestry rather than
on a dynamic neighborhood of other cells (e.g., L systems) (Lindenmayer, 1968;
Hogeweg and Hesper 1974; Prusinkiewicz and Lindenmayer, 1990). The model-
ing formalism described here goes an important step beyond those approaches by
combining generic (mechanical) properties of cells with information properties.
This allows us to study morphogenesis in the strict sense: the generation of macro-
scopic shapes from subcellular processes. In the words of Segel (2001), referring
to the Dictyostelium model, it allows us “to compute an organism”.

We find in the variety of models studied that mesoscopic description of cell
is essential, and that morphogenesis is a sustained out of equilibrium process
through the interaction of processes at multiple space and time scales.
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Abstract. We define a class of cellular interface problems (short: CIP)
that mathematically model the exchange of molecules in a compartmen-
talised living cell. Defining and eventually solving such compartmental
problems is important for several reasons. They are needed to understand
the organisation of life itself, for example by exploring different ’origin of
life’ hypothesis based on simple metabolic pathways and their necessary
division into one or more compartments. In more complex forms investi-
gating cellular interface problems is a way to understand cellular home-
ostasis of different types, for example ionic fluxes and their composition
between all different cellular compartments. Understanding homeostasis
and its collapse is important for many physiological medical applications.
This class of models is also necessary to formulate efficiently and in de-
tail complex signalling processes taking place in different cell types, with
eukaryotic cells the most complex ones in terms of sophisticated compart-
mentalisation. We will compare such mathematical models of signalling
pathways with rule-based models as formulated in membrane computing
in a final discussion. The latter is a theory that investigates computer
programmes with the help of biological concepts, like a subroutine ex-
changing data with the environment, in this case a programme with its
global variables.

1 Setting the Problem

Most theories about the origin of life depend on the relative closedness of a
reaction volume allowing for either the protected replication of a 'replicator’ like
primitive RNA, or the persistence of a simple metabolic pathway where without
a protective and also selective membrane the reaction system would dilute or
be perturbed and cease to exist (for some speculation see for example [16]).
The membranes of biology are formed by lipids which have astonishing chemical
properties allowing them to build so-called vesicles in a self-organised fashion
and in many different environments. By either allowing the vesicles to split and
preserving the metabolic pathway, or by positioning the replicator into both
daughter vesicles, it is argued that this new entity is able to allow Darwinian
evolution. In this case replication may not be perfect, allowing for mutations,
or the metabolic pathway becomes perturbed, or both. After the subsequent
unavoidable selection process the complexity in terms of 'division of labour’ and
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therefore the possibilities of primitive life to adapt to changing environments, but
also the precision of the replication process itself might have gradually increased.

Such speculations about different possible paths to produce stable life, i.e
cells that are able to reproduce, that have a metabolism (use energy to decrease
their own entropy) and are able to adapt, moreover the ability to evolve on larger
time scales, enable us to better understand the organisatorial prerequisites for the
working of even the simplest present cellular signalling pathway. Compartmental
organisation in other words is defining the necessary system boundaries or form
without which the signalling system and other cellular function would never have
come into existence.

It is fruitful to approach problems in computer science with similar biological
ideas and concepts. Such cross-over is called natural computing, with membrane
computing being an important sub-discipline. We will introduce another type of
computational device, a density approach to molecular concentrations inside the
cell. In other words we will make use of continuous distributions of molecules,
so go from a discrete to a continuous perspective. It is tempting to compare the
latter with ideas from membrane computing.

2 A Modular Approach

The problem which we will call *Cellular Interface Problem’ (CIP) is constructed
with the help of partial differential equations (PDE) defined on the cell volumes,
and interface or boundary conditions defined on the membranes, depending
whether a membrane is a system boundary, or whether the membrane is enclos-
ing a compartment internal to the system. The state of the system is characterised
by concentrations of molecules, again either defined on compartmental volumes or
as concentrations on the interfaces. Clearly what we have in mind is a direct corre-
spondence between a density of molecules that can be directly measured in a cell,
for example with the help of a confocal microscope. We will come back to this point
in an own section. In this view the system state is very closely chosen to represent
measurable quantities, i.e. can be called ’empirical’. We note that ’empirical’ nec-
essarily can only be defined according to a given spatial scale, which here is the one
of the microscope. We are aiming at simulating the time course of concentration
changes in the cell which if predicted correctly, i.e. if there is a correspondence be-
tween measured data and simulated data, can tell us something about the working
of the 'real’ cell. The system state is a function of time ¢t and space x, so is spatially
explicit. We are making this choice because we are interested in transport processes
not only across the membrane, but also inside each cellular compartment. Many
more examples and simulations related to this definition can be found in [14].

2.1 Events

Any model describing changes in molecular distribution and reaction between
species is necessarily event driven. Here the basic events are either molecular
displacements, numbers of reactions between species of molecules, or confor-
mational changes of molecules (like proteins), all relative to a given time scale
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(interval) § > 0 assumed to be small but sufficiently large such that at least one
displacement or reaction/conformational change is expected to happen. There is
a universal clock assumed for all these events, and all possible events can take
place in parallel. At the given typical physical scales related to the microscope
this event structure is assumed to be close to reality.

2.2 Membrane System

The membrane system of a biological cell consists of a lipid bilayer. Its chemical
properties determine which molecules can pass this membrane spontaneously,
or need help in passing it. This might require energy and is then called active
transport. There are other forms of transport in biological cells, for example
vesicles budding from the membrane and fusing to a membrane at a different
location (secretory pathway). But this will not be considered in the following
as this would mean we could not work with a fixed geometry of the membrane
system. Here we consider a fixed general setting, for simplicity in two spatial
dimensions only. The outer membrane (cell wall) is represented by a piecewise
smooth boundary denoted by I, see Figlll The volume encircled by I and
representing the cytoplasm is given by (2.. There are possibly nested compart-
ments lying entirely inside {2.. The largest is typically the cell nucleus, and the
mathematical counterpart of the nuclear envelope is denoted by I, the volume
encircled by §2,. There are possibly different substructures inside {2,,, not nec-
essarily modelling a lipid bilayer, but definitely an area with different properties
of the medium where a molecule might have to pass in a different way. Such
areas are modelled again by subdomains (2;, ¢ = 1,...,s, with corresponding
boundaries I3, i =1,...,s.

Q

Cc

Q, Q Q5

Fig.1. A compact smooth domain {2. with interior {2. and sub-subdomains (2;, i =
1,...,s inside a subdomain {2, of (2.. The right graph shows the hierarchy of the
domain data-structure of the example.
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2.3 Ion Channels and Transporters

We are interested to consider membranes which are permeable and which al-
low molecules to pass from one compartment to another. Biologically one way
of transport is through channels which are here considered as molecular ma-
chines constituted by macromolecules which can be in different conformations.
Such macromolecules allow to transfer smaller molecules from one membrane
side to the other, often through a regulated mechanism. Experiments show that
the movement of a molecule through the channel can be considered sequentially
and discretely, often corresponding to conformational changes. The nature of the
steps is dictated by the molecular interactions, this implies that from the micro-
scopic point of view the transitions form a stochastic process. In the following we
consider some fundamental structure of such a process. We spend some time on
this example because it will explain very easily why we need to introduce tem-
poral and spatial scales into the derivation of a CIP. A channel can be described
as a cell compartment with a certain number of internal sub-compartments. Let
this number be m. If we want to include the two exits we can say that the total
number is m + 2. A picture of this can be see in Figl2l A molecule crossing the
channel has to move from compartment 0 to compartment m+1. The transitions
are in general reversible.

Compartment Compartment
left right
Channel
Riish
0 m+1

Fig. 2. A schematic view of a channel in a membrane. Compartments left and right
are external to the channel.

Now let us observe that the state of the channel can be described by con-
sidering the occupation of one of the m + 2 sub-compartments. We now make
the crucial simplifying assumption that only one single molecule can cross the
channel at one time. This allows us to define the state space of the channel as
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S={ie{0,...m+2}). (1)

Now any motion in the channel of a molecule in the direction from A to B
(see in Fig[2) will correspond to a sequence of transitions in S of the form

1 — 1+ 1.

Similarly any motion of a molecule from B to A (see in Fig[Z) will correspond
to a sequence of transitions of the type

T — 11— 1.

Since the transitions are stochastic such a structure is naturally described
through the notion of a Markov Chain (MC). On S the Markov chain is con-
structed by determining the transition probabilities

P(s=ils=j)=p;; withi,j € S.

The transition probabilities satisfy the Markov property:

Divis = Z DiyiaDiyis - (2)
i2€S

One can easily note that since transition are possible only through adjacent
sub-compartments we have that

pij =0for j>i+1andj<i—1.

The natural way to construct the transition probability matrix P = (p;;) is
to consider its infinitesimal generator defined as

3)

Let p;(t) be the probability that a time ¢ the channel is in state 4, then the
time evolution of the Markov chain is governed by

Wil S0 K ()

dt ‘
JjES

Looking at the scheme in Figl2l we can encode the Markov chain in a graph,
the so-called Interaction Graph.

Each vertex in the graph represents a sub-compartment and the arrows are
drawn according to the following rule:

There is an arrow from 7 to j if and only if K;; # 0. (5)

Recall that in any Markov chain K;; = —Z#i K;; and K;; > 0 for any
i # 7. We should notice that in the example in Fig[3] the channel is one way: a
molecule that enters the channel in 0 eventually will reach the other end m + 1.
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KH K22 K33 K

m-1,m-1 Km,m

Ky Ky o Kl
0O 1 2 3 eee ml ' m  m#l
2 ey D 0 K= Ve
Ko K3 m,m-1
Compartment Dynamics Compartment
left inside membrane right

Fig. 3. The channel interaction graph

From the modelling point of view the matrix K is formed by the rates at which
in unit time transitions occur. Such rates can be derived by statistical mechanics
arguments. Finally recall a crucial property of Markov chains: ergodicity. For our
purpose we are interested in observing that for large times (¢ — o00) equation
) a steady state solution given by solving:

pK=0o0r K'p=0. (6)

The solution of (@) can be normalised and it is called invariant measure.
Other transporters establishing for example a so-called symport or antiport can
be modelled in a similar way. The concept of assigning a graph to molecular
transitions, with the interaction graph being the most basic one, can be found
in [26], and for mass-action reaction systems in [10].

2.4 Fluxes across Membranes and Movement Inside Compartments

In the following we restrict our attention to derive flux conditions across just a
single membrane. Let therefore {2 now just be a two dimensional domain divided
into two sub-domains (21, {25 such that

2 =100 .

The membrane is geometrically represented by the common boundary of the
two sub-domains
I'=021N8.

Fluxes across Membranes Derived from Microscopic Channel Dynam-
ics. In the membrane (interface) I" we assume there are channels which can be
open for molecules to cross the membrane, as introduced in the previous section.
For simplicity let us assume there is a simple diffusion process inside each com-
partment described by the standard diffusion equation in both {2 and (25. Each
of the channels in I' is described independently by an m-state Markov chain
whose generator is K(y), where y € I'. Then the diffusion scaling 62/7 = D
allows two possible boundary conditions at I'. Let p; be the molecular density
in £2; and the membrane be given according to the convention
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I'={(z,y) € L Us:x =0}

As we will motivate in the following there will be two different interface con-
ditions that are induced by the channel dynamics, and which are related to
different relative time-scales of channel transitions with respect to transport in-
side a compartment of a given molecule. By using the interface I" coordinates,
and by denoting with 7(y) = (71(y),...,mm(y)) the transition probabilities of
all channels located at y € I" (we used the notation p before for a single channel),
these different interface conditions are:

1. If the Markov chain evolves on a time scale equal to the diffusion then the
boundary condition is

p1<ta07y) = Wl(tvy)a p2<ta07y) = Wm(t,y),

and
8p1(;,$0,y) _ 11) (k12(y)p1(t,0,9) — ko1 (v)m2(t, ),
8,02(t, 0, y) 1 (7)
ox = D (_km—l,m(y)pz(t, Oa y) + km,m—l(y)ﬂ'm_l(t, y)) .

As we consider our previous channel example embedded into a spatial context
it should be noted that the entries of K are nonzero only in the diagonal and
the two off-diagonals. Furthermore it was assumed that at the ’left’ gate we
have K11 = —kéZ, K12 = 1%27 K21 = k§1 and K22 = _k§1 —k23, with the kij
being given positive transition rates characterising the channel (see Fig[3),
and § a spatial scale. Symmetric assumptions have been made for transition
rates at the 'right’ channel gate. The spatial scale 6 will be the grid size of a
grid introduced to perform the continuum limit of a transport process inside
the volume of the compartments. This setting of the transition rates might
be of course different for different kinds of transport through the membrane
that do not follow the discrete diffusion logic. Here 71 (¢, y), and 7y, (t,y) are
the probability distributions on the two exits of the channel at (0,y). Their
dynamics is given by the ODE

m

dma(t,
" ( y) = Ka,@(y)ﬂ-ﬂ(tvy)a a = 27"'7m_ 1.
=1

dt
B
These conditions as the ones below should hold for all y € I', and t € [to, T,
with ¢y the start of the experiment, and T" the time where the experiments
or at least its observation stops.
2. If the Markov chain evolves on a time scale faster than the diffusion then
the boundary condition is

p1<t’ Ovy) = Ul(y)’ p2<t’ Ovy) = H’m(y)a

where u(y) = (u1(y), ..., um(y)) is the invariant measure of the Markov
chain modelling the channel.
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We now motivate the derivation of the interface conditions given above. Let
us partition §2 into a a two dimensional lattice As = (6Z)?, with § > 0 being the
fundamental length of the lattice As. Clearly as § — 0 the lattice tends to R2.
Each point in As is identified by a couple of coordinates (ng, ny). We denote by
P;(t,ng, ny) the probability that a particle is in the site (ng,n,) at time ¢. Let
7 > 0 be a given time scale. We consider the following discrete diffusion process
in £2;:

Pi(t +7,ng,ny) = ;Dw(Pi(t,nm,ny)) + ;Dy(Pi(tmw,ny),) (8)

where D, and D, are operators defined by
Dy f(na,ny) = f(ne + Lny) + f(ne = 1,ny), (9)
Dy f(ne,ny) = f(ne,ny +1) + (2,1 = 1). (10)

Without loss of generality the membrane I" can be parameterised by
I' = {(nz,ny) € As : n, = 0}.

On the membrane the diffusion process implies that
1

Now we introduce the channels into I'. At each point (0,n,) € I" we assume
that there exists a channel who has a certain number of internal m states as
before (see Figure ). Let C' be the (discrete) state space of a channel. At the
moment we do not enter into the details of the mechanism but simply assume
that each channel is described by a Markov chain of the form

o (t+7,0,ny) = a(t,0,n,) + 7 Y Kap(6,1y)s(t, ny). (12)
B=1

The function I1,(t, 0, ny) is the probability that a single molecule is in (0, n,) €
Ag at time t, and in the state « of the channel. By continuity we need to require
the following boundary conditions:

Pi(t,0,ny) = II,(t,0,ny), Pa(t,0,ny) = I, (t,0,ny). (13)
Using (I3) and substituting ([I2)) into (1) we obtain:

- 1
Pi(t,0,ny)+7 Z Kig(6,my)a(t,ny) = Pi(t, —1,ny))+

,Dy(Pi(t,0,n,)). (14)
B=1

Next we take the continuum limit to obtain densities, denoted by p:

Pi(t,x/6,y/6) = pis(t,z,y), (15)
IL(t,y/6) = pr5(t,0,9), (16)

1 (t,y/8) = p2.5(t,0,9), (17)
II,(t,y/0) = mas(t,y) for a # 1, m. (18)
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Note that mq,s(t,y) can be interpreted as the number of channels in state «
present in a membrane segment of length 6 in I'. Making the substitution in

@) and taking the limit 6,7 — 0 with ‘f = D > 0 we obtain by a standard
calculation that
itv ) .

For the boundary condition, retaining 6, 7 greater than zero, we obtain

pis(t +7,0,9) — p1,s(t,0,y) =7 K11(6,y)p1,5(t, 0,9) + 7 K1 (6, y) p2,s(t,0,9)+

+7— Z Klﬂ(év y)ﬂ-/g,ls(tv y)a
B#1,m

Prms(t+7,0,9) = pm,s(t,0,y) = 7 K1 (6,y)p1,6(t,0,9)+
+7 Kmm(év y)p2,5(t’ 07 y) +7 Z Klﬁ (6’ y)ﬂ-ﬂﬁ(tv y)a
B#1,m

Wa(t + T, y) - Wa(ta y) =T Ka1(67 y)pl,é(tv 07 y) +7 Kocm(év y)pQ,&(tv 07 y)+

—1—72 Kop(8,y)ms,s(t,y) for a # 1,m,
p=1

and
p1,5(t,0,y) — p1,s(t, —6,y) = —7 K11(6,9)p1,5(t,0,y) — T K1m (6,y)p2,6(t,0,y)+

1
-7 Z Klﬁ(éﬂ y)ﬂ—ﬁ,ﬁ(ta y) + 9 (pl,é(tv 07 Y+ 6) + pl,ﬁ(tv 07 y— 6))7
B#1,m

p2,5(t,0,y) — p2,5(t, —6,y) = —7 Kn1(6,4)p1,5(t,0,y) — T Knm (6,y)p2,5(t, 0, y)+

1
—T Z Kmﬂ(67 y)ﬂﬁ,é(ta y) + 9 (p2,6(t7 07 Y+ 6) + P2,6(t7 07 y— 6))
B#1,m

These expression can be further simplified by considering that K1,,(6,y) =

Kn1(6,y) = 0, because the two ends on the channel do not communicate directly.
The new conditions read

pl,ﬁ(t+7—707y)_pl,é(tvoay) = TK11(57y)p1’5(t,07y)+T Z Klﬁ(éuy)ﬂ—ﬁ,ﬁ(tvy)a
B#L,m

Pm,s(t+7,0,9) = pm.s(t,0,y) = T Kmm (6, y)p2,5(t,0,y) +

+1 > Kip(6,y)mp.6(t,y),
B#Lm
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Wa,é(t + T, y) - Wa,&(ta y) =T Kal (67 y)pl,&(tv 07 y) + 7 Kocm(év y)pQ,&(tv 07 y)+

—1—72 Kop(8,y)ms,s(t,y) for a # 1,m,
p=1

and
p1,5(t,0,y) — p1,s(t, —6,y) = —7 K11(6,y)p1,5(t, 0, %)+

1
—T Z Klﬁ(67 y)ﬂﬁ,é(ta y) + 9 (pl,é(tv 07 Y+ 6) + pl,ﬁ(tv 07 y— 6))7
B#Lm

p2,5(t,0,y) — p2,5(t, =6,y) = =7 Kmm (6,y)p2,5(t, 0, y)+

1
—7 Y Kup(6,9)mps(t,y) + o (P26(8,0,y +8) + p2,5(t,0,y = 9)).
p#1Lm

To simplify these conditions let us consider

OTa,s(t,
mos(t 4 79) — mas(t) = 77 o,

dpi.s(t, 0,
- P,&( Y)

pi,é(t + 7,0, Zl) - pi,5(t’ 0, y) = ot 0(7—)7
0pis(t,0,
p1al0,0,) = pialt,—8,) = 570 o),

and
pis(t,0,y+06) + pis(t,0,y — 6) = 0(6).

Using the previous approximation the boundary condition can finally be
rewritten as

0 t,0,
Pl,&ét Y) = Ki11(6,9)p1,6(t,0,y) + Z Ki5(6,9)ms.5(t,y),
B#1l,m
0 t,0,
p2,§ét y) — Kmm((sg y)p2)§(t70,y) + Z Klﬂ(67 y)ﬂﬂ,é(t,y)7
B#1l,m
06 (1,
gi Zl) = Kal(67 y)ﬁl,é(tyo, y) + Kocm(67 y)pQ’é(t’ 07y) (20)
+Zgil Ka,ﬁ‘((s y)m,g(t,y) for a # 1, m,
Op16(t,0,y) _ 7T 5. 0, Kol6,
oz 5 K@ )pLs(t,0,9) = ¢ 5> Kip.y)msalty),
,3751 m
0 t,0, T
p2’6éx V- = 5 Kmm (8:9)p2,6(1,0,9) Z Kos(6,9)75.5(t, ).

ﬂ#l m
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In the following we want to take the limit §,7 — 0 while preserving the
2
diffusive scale ‘ST = D. By inspection of equations (20) one can note that the
limits that need to be studied are

lim Kap(6,y), (21)

and P
. T .
i g fao (0] = iy p Kas(0:0) 2

The limits (ZI)) and ([22)) cannot be both finite and different from zero at the
same time. Therefore we have two cases, as introduced in the beginning of this
subsection:

(Case A): Suppose that
lim Ko (6,) = Kas (). (23)
Clearly we have
lim (1) = 7(1, ) = (11(69), - o (1,3)
and in the two compartments the two densities

pi(t,x,y), pa2(t,z,y)
are defined. They satisfy

p1(t,0,y) = mi(t,y), p2(t,z,y) = ma(t,y)
by continuity at the boundary. We just consider next the Neumann part of the
interface conditions. When we apply the general equations 20)) to our specific
2
channel setting, moreover using the diffusion scaling D = ‘ST , we get

dp1(t, 0, 1
OB L s )a(1,0,9) ka1, 9)). 5
8p2(t70ay) 1 ( )
0e = p Thmo1m(@)p2(t0,9) + kom-1(y)7s(t y))
(Case B): Suppose that
.0 1 -
lm o Kap(6,y) = ) Kas(y). (25)

This implies that

1
Ka,@(év y) =~ s Kaﬂ(:y)'
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So the boundary conditions are of the form

Op1s(t,0,y) 1
15(,0.9) _ K11(y)prs(t,0,y) +s Z Kip(y)ms.6(t,y),

ot ) B#l -
dp2,5(t,0,y) 1K’ o )as(£,0. ) + Z Rus(y)mas(t,y),
ot ) ,87&1 -
0T, st 1 - ~
g( ') 6Ka1(y)p1,a(t,07y)+6Kam(y)pz,5(t,07y)+ (26)
+5 25 1 Kap(y)mgs(t,y) for a # 1,m,
8)01 5(t70ay) 1
, K K
O D 11(y)p1,5(t,0,9) ;m 18(Y)ms,5(t, y),
8)02 5(t70ay) 1
’ K Km sy Y)-
o = Kmm(®)p2,5(t,0,7) ﬂ;m 8()a,5(ty)

For 6§ — 0 the first three equations can be solved by singular perturbation
theory. The leading order solution is K (y)u(y) = 0 where u(y) is the invariant
measure of the Markov chain describing the channel. Therefore the interface
conditions we get are

pl(tvoay) = Nl(y)v
Ta(t,0,y) = pa(y) for @« = 2..m — 1, (27)
)

(
pQ(tv 0, y) = Nm(y .
Note that the choice (27)) solves also the last two equations in (28]).

Other Classical Boundary Conditions across Membranes. In case same
relatively small molecules can just cross a lipid bilayer this can be modelled
in a PDE setting by so-called Robin boundary conditions without the need to
introduce an up-scaling step as we have done before in case of a simple channel
dynamics. Consider again some piece of membrane denoted by I'. Then this
condition is given by

a(t,y) aayp +o(t,y)p=c(t,y) on [0,T] % I, (28)

where v is the outward pointing normal vector (we have now assumed that the
piece of membrane can be curved, whereas before I" without loss of generality
was considered to be a piece of straight vertical line), and a,b and ¢ are contin-
uous and sufficiently smooth functions characteristic for the membrane and the
molecules we are considering. The concentration p is considered to describe the
molecular distributions inside a compartment, whereas the outer compartment
concentration is assumed to be constant and therefore not considered as a state
variable.

Transport Inside Compartments. Let {2 now denote the volume (here area,
as we are only considering the two-dimensional case) of some cellular com-
partment. The molecules will move inside the compartment according to some
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stochastic process. Without doing the up-scaling here explicitly, but indeed fol-
lowing very much the considerations about the channel dynamics in our detailed
previous section on channel dynamics, the resulting equation on a macroscopic
scale (here assumed to be the scale of the microscope) can lead to the following
equations:

gtp(um) — DAp(t,x) =0 on [0,T] x £2. (29)
This is the simplest case, i.e. here we would consider isotropic standard dif-
fusion, with a diffusion coefficient D > 0. The operator denoted by A = V?
is the so-called Laplace operator already used before in equation ([[9). Such an
equation would be the limit equation resulting from Brownian motion. There
are more sophisticated processes possible. One assumption could be that the
molecules get stuck from time to time anywhere in {2 which can be modelled by
introducing a mobile and an immobile sub-population of molecules:

atpﬂfbobile (tu (E) = DApmobile (ta (E)
+ kb Pimmobile (t7 -T) - kd Pmobile (t7 -T) on [07 T] x {2 (30)
8i&)Oianobile (t, .73) - _kb Pimmobile (ta .73) + kd Pmobile (ta .73) on [07 T] X “Q (31)

The positive constants k; and kg determine the rated at which ’bound’ mole-
cules are released and enter the mobile fraction, or get caught and are not able
to diffuse any more. Clearly the observed molecular concentration as observed
by the microscope would be given as the sum of the mobil and immobile frac-
tion, i.e. P = Pmobile + Pimmobile- Lhere are of course other mathematical ways to
model such ’sticky’ behaviour, Again one can first introduce certain stochastic
processes (different from Brownian motion) and derive an effective equation by
up-scaling. This can lead to equations with so called fractional diffusion opera-
tors, giving rise to sub-diffusive behaviour. There can be directed movement of
molecules as well, for example given by the fact that transporter molecules can
actively transport other molecules along the cytoskeletton of the cell.

3 Combining the Modules

In order to obtain a complete meaningful specific molecular distribution model,
i.e. one that eventually can be compared with data, we need to ascribe boundary
and interface conditions to each of the boundaries/interfaces I., I, and I3,
i = 1,2,3, see Fig. [l and transport operators for each of the domains (2,
2, and 2;, i = 1,2,3. Of course the same holds in case of a more general
membrane system given by a tree describing the hierarchy of any system of
nested subdomains. In the following we give just one simple possible example of
such a complete model, but emphasise the modular character we have introduced.
In reality biological knowledge and insight will lead to different hypothesis about
movement and translocation of specific molecules across membranes, leading to
different transport operators defined inside the compartments, and boundary
and interface conditions between the compartments. Our example model is:
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We assume that at I. we can impose from outside the cell a fixed molecular
concentration for some time:

pe(t,y) = c(t,y) on [0,t7] x I, (32)
;Vpc(t,y) =0 on [¢t*,T] x I, (33)
Ope(t,x) = DAp.(t,z) in [0,T] x £2, (34)

At I',, we assume channel dynamics:

Pc(tyy) =171 (t, y)v pn,mobile(tu y) = Wm(tvy)uon [OvT] X Iy, (35)
dpe(t, 1

P = L haawpetsn) ~ hnma(ton)), on OT)x Doy (30
8 n,mobile ta 1

P, 8bl/l ty) _ p (FEm=1m@)on(t,y) + k1 () Tm-1(t,9)) . (37)
on [0,T] x [},
dﬂ-z(tvy) _

.

kicvi(y)mioa(t,y) — (kii—1(y) + ki1 (9)mi (6 y) + kipri(y)miva (t,y), (38)
i=2,...,m—1,on [0,T]x I},

Inside £2,, we assume molecules can possibly bind to some structure:

Otpn,mobile(t, ©) = DApp mobvite (t, T)

+kp(2) primmobite (6, 2) — ka(2) pn,mobite(t, ) in [0,T] x £2,, (39)
Ot Primmobile (£, ) = —ku(T) P immobite (t, ) + k() pn,mobite(t, x)
on [0,T] x 20, (40)

Inside 2,, we assume there are some subdomains where diffusing molecules will
not be able to penetrate:

0
9 pn,mobile(ta Z/) = Oon [OaT} X FZaZ = 1a 27 3. (41)
v

The model still needs to be complemented with initial conditions. The state
of the system is given by the molecular concentrations p.(t, x), pn(t, z), and the
states 7(t,y) = (m1(t,y),...,mm(t,y)), where by continuity m (t,y) = pe(t,y)
and T (t,Y) = pn,mobite(t,y) for y € I, and al ¢ > 0. The initial conditions can
then be written as:

(i) Initial conditions for concentrations in compartments:

pe(t, ) =pco(z) on (2, (42)
pn,mobile(ta .73) :pn,mobile,o(x) on Qna (43)
pn,immobile(ta ‘T) :pn,mobile,O((E) on Qnu (44)
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(ii) For the channel variable we only need to assign initial values for the states
not directly connected to the compartments:

71'2(0) 2772707...,7Tm_1(0) = Tm—1,0- (45)

All initial conditions which are either functions or constant values are assumed
to be non-negative. We would like to put this Well—pose mathematical model
into a cell biology context. The boundary I, is modelling the outer cell wall. The
cell is embedded in a solution where the concentration of a ligand activating some
receptor molecules can be kept controlled in a time interval [0,¢*], with 0 > ¢t* >
T. After time t* this ligand is washed away. The activated receptor activates a
transcription factor (TF), and it is this activated transcription factor which is
assumed to be our molecular species. The activation is close to the cell wall and
described by the continuous function ¢(¢,y) > 0. The TF cannot leave the cell
after the activation of the receptors has stopped, equation ([B3). Now the TF is
freely diffusing in the cytoplasm (equation (34])). Some TF molecules will hit the
nuclear envelope modelled by I3,. In order to reach any gene inside the nucleus
the TF has to cross a nuclear porous complex (NPC). In the current model the
NPC is simply modelled by a linear channel, modelled by a linear Markov chain.
It also has to be noted that the pores are not modelled as discrete entities. We
assume there is a concentration of such channels across the membrane system,
of course this is a mathematical abstraction perhaps not justified at a resolution
of a confocal microscope. Inside the nucleus modelled by §2,, the TF can possibly
bind to some structure, for example the chromatin. The TF can also be released
again. The density of the structure and therefore the probability of a TF molecule
to bind or unbind is encoded in the functions ky(z) > 0 and kq(z) > 0. Finally
there are regions in the nucleus where the TF is not able to enter, for example a
nucleosome which is assumed to be too dense. Such regions are modelled by the
domains 21, {25 and {23. At time T" we stop to look at this in-silicofd experiment.

3.1 Reactions among Several Species of Molecules

Our model proposed in the previous section, and composed of modules described
earlier, is already having some complexity. Nevertheless we have to remind our-
selves that in reality every such molecule will have to take part in different
molecular reactions, mostly binding to form so-called complexes. A transcrip-
tion factor for example will need to bind to another moleculdd in order to be
really able to cross the NPCs. To include reactions we will need to increase the
number of molecular species. In case these additional species will be present in
the same domains as the TF modelled before, each of these additional species

! This would not be too hard to prove by standard techniques. Nevertheless this is a
non-standard PDE problem, mostly due to the interface dynamics defined on one of
the boundaries.

2 After implementation in a computer, which still needs a not straightforward discreti-
sation step.

3 For example to the RAN-GDP complex. See the RAN pathway.
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will add the same number of state variables as was needed to model the TF. Re-
actions are transitions between species, and as those we can also formally define
the mobile and immobile phase of the same species as two different populations
of molecules. In this case equations ([BY) and ({0) already show how reaction
terms enter the model. We give a short overview to mass-action kinetics in a
non-spatial setting. The resulting reaction terms would be needed to be incor-
porated to the spatially explicit model at each location = in a domain where
such a reaction can take place. For simplicity we only consider and discuss here
the well known deterministic mass-action reaction systems and fix the notation.
It should be noted that the local dynamical system (i.e. for each location z in
a compartment) derived from the reaction scheme in this interpretation is only
valid with different implicit assumptions made for the mechanisms of the reac-
tions and the properties and abundance of the different molecules involved. In
particular there has been a law of large numbers being applied to the particle
system, and the continuum limit is only represented by the so-called ’average
dynamics’, i.e. any stochastic fluctuations are assumed to be negligible. Also we
assume each particle of every species remains unchanged in its properties during
reactions and only ’varies’ by forming molecules with other species or molecules
of its own kind. Such a chemical mass-action reaction system with r reactions
and m reacting species is then described by a time-continuous dynamical system
defined for each = € {2 which is directly associated to the reaction scheme. Each
such reaction can be written in the form

k:.
@181+ -+ Sy = B1jS1 4+ BrjSn, =1, (46)

where the S;, 1 < ¢ < n, are the chemical species and each k; > 0 is the
kinetic constant of the j-th reaction. The kinetic coefficients take into account
all effects on the reaction rate apart from reactant concentrations, for example,
temperature, light conditions, or ionic strength in the reaction. The coefficients
ai; and 35 represent the number of S; molecules participating in j-th reaction at
reactant and product stages, respectively. The net amount of species .S; produced
or consumed by the reaction is named the stoichiometric coefficient and defined
by ns; := Bi; — ouj. These coefficients are arranged in a stoichiometric matrix,
denoted by N. The rate at which the j-th reaction takes place in mass-action
kinetics takes the form of a monomial,

where r;; is the molecularity of the species S; in the j-th reaction, and p’ is the
concentration of the ith species. Also in our mass-action kinetic interpretation
the kinetic exponent k;; reduces to being simply «;;. Kinetic exponents are
arranged in a kinetic matrix, denoted by k. The time evolution of the species
concentrations is described by the following initial value problem:

p= NU(ﬂ? kl)a (47)
p(0) >0, (48)
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where p(0) are initial molecular concentrations. The vector

p(t,z) = (p'(t,2),....p"(t,2))"

is describing the concentrations of the n different molecular species Sy, ..., .S, at
any location x in one of the compartments of our membrane system. Equation
D) is delivering the so called reaction terms, it does neglect all transport or
transportation over membranes of any of the species. We need to enlarge the
state space associated to our complete model for a single molecular species as
described in section Bl The state of the extended system is now given by the
molecular concentrations

pC(tvm) = (pzlz(tvm)v ce p?(tvm))Ta pﬂ(tvm) = (p;(tvm)v ce pZ(Ll‘))T,

and the states m(t,y) = (71 (t,y),..., 7% (t,y)) which can now be interpreted as
a m X n-matrix. Of course we make a number of assumption implicitly, like the
one that molecules of different species do not interact in the channel etc. All such
issues would need to be fine-tuned and checked in a realistic modelling attempt.
We should also note that each single equation of the model in the beginning
of section [3] is now becoming a system of n equations corresponding to the n
different species we have introduced. Finally interesting qualitative behaviours
such as bistability and oscillations have been observed in such reaction systems
of mass-action type, see [TIIG/T7II]. They can be interpreted to result from a
bifurcation, i.e. a qualitative change in the behaviour of the system’s solutions
when one or more of the parameters are varied. Hence, a common approach in
identifying such behaviour has been to derive conditions under which the system
is able to undergo an associated bifurcation, see [29/T1T]. Such considerations hold
for each location in space independently. In combination with transport of mole-
cules we can expect that from local complex dynamics (such as oscillations) very
complex spatial pattern formation can arise. See for example different chapters
in [24], especially chapter 1 by Fiedler and Scheel, and chapter 3 by Paul Fife.
Very often elementary chemical reactions of mass-action type are too complex
for modelling biological systems. After time scaling the reactions schemes can be
often simplified and then are called ’enzyme kinetics’, see among others [40J23].

3.2 The Necessary Discretisation

There a various way to discretise the PDE models we have finally derived. It
should be noted that the PDE did result from up-scaling of discrete objects, for
example particles jumping on a fine grid which grid size was scaled to zero. In
other words, and for later discussion, we make a step from discrete stochastic
processes to continuum models, and finally a step back to discrete models which
are discretisations of continuum models, as those are the only ones that can be
currently interpreted by present standard computer architecture. We choose a
form of a so-called mesh-free discretisation based on a partition of unity (PUM),
a class of generalised finite element methods. We explain the discretisation step
for a single given diffusion equation in one of our compartments. Let H be an
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appropriate Hilbert space (H = H' for 2nd order problems like the diffusion
equation). We can obtain the variational form of the PDE using a continuous
bilinear form a : H x H — R and a linear form [ € H' along with appropriate
boundary or interface conditions. The final problem we seek to solve may be
summarised as

Find we H st. a(u,v)=1(v) Yv e H. (49)

The basic method of discretisation in the PUM framework is then given by
the following steps:

— Given a domain {2 on which a linear scalar PDE is defined, open sets called
patches are used to form a cover of the domain. (2x = {w;}¥,, with 2 C
U; wi)-

— A partition of unity {¢;}, subordinate to the cover is constructed.

— The local function space on patch w;, 1 < ¢ < N, is given by V; :=
span{yF 1" with {¢F}P7 | being a set of base functions defining the approx-
imation space for each patch. The global approximation space, also called
the trial or the PUM space, is defined by Vpy := span{goiz/)f}i,k. Replacing
H by the finite dimensional subspaceﬁ Vpu, a global approximation wj to
the unknown solution u of the PDE is defined as a (weighted) sum of local
approximation functions on the patches:

N
un@) = 3" i(o) (z 5%@) |
=1 k

— The unknown coefficients ¥ are determined by substituting the above ap-
proximation into the PDE and using the method of weighted residuals to
derive an algebraic system of equations

AE =b. (50)

More detail on the PUM, including a description of its approximation prop-
erties and how to construct the PUM space, may be found in, for example,
[2031/4139]. We have implemented the PUM in a C++ code called the Generic
Discretisation Framework (GDF). See also [12/13/[14].

4 What Can Be Measured?

Once the model is implemented on a computer we can compare the simulated
solution with a measured concentration of molecules in a given cell. Typically this
would currently be best done in an in-vivo situation with the help of fluorescent
markers with which the molecules under investigation have been tagged. As

4 Note that Vpu is conforming for the Neumann problems we are concerned with in
this article.
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Fig. 4. Key stages of cover construction for a complex shaped compartment. (a) Three
points distributed randomly in a complex domain and the initial cover. (b) An increase
in the number of patches so that the whole domain is covered. Patches have also been
extended by a = 1.2. (¢) Optional refinements of the cover. For clarity, the points
are omitted and only the associated patch pictured. Seven patches whose intersection
with the domain are subsets of another patch are labelled X’ and will be removed in
the final stage of basic cover construction. (d) The final cover of 159 patches with the
seven patches from frame (c) removed.

there are only very few colours availabld] the number of different species that
can be observed at the same time is very limited, and most of the time is just
a single species. We observe the distribution of the molecules with the help of a
microscope, in this context this will be a confocal microscope most of the time.
This can be done at different magnifications which introduces the spatial scale
at which we have to consider the problem. Interestingly enough the pictures we
will retrieve from the microscope are again discrete, i.e. pixel based. This means
we are comparing a discrete solution of a continuum model with the discretised
image of a (on the typical scales given by the resolution chosen) continuous

5 The first one introduced and the one best known is GFP, for Green Fluorescent
Protein.
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distribution of fluorescence in the sample cell. The normal situation we will
encounter is that the fluorescence distribution of the tagged molecules when
starting the observation will be static, i.e. in equilibrium. This is because most
of the experimental conditions start from an equilibrium. If there is for example
a diffusion process, the molecules will have had enough time to evenly distribute
in all compartments which they can enter. In order to make processes visible we
will have to perturb the system. This can be done with the help of a laser with
which we can bleach the fluorescent molecules. In other words we can implement
a sink term for fluorescencdd and the result is a dynamic situation where all
the mechanisms responsible for protein distribution are now acting together to
change the measured fluorescence distribution over time. The most frequently
used approach is FRAP (Fluorescence Recovery After Photobleaching) where a
certain part of the cell is bleached, i.e. all fluorescent molecules in a given area
are bleached in a very short period of time. Subsequently it can be measured
how the now bleached area is recovering its fluorescence. This can only happen
if the tagged molecules outside the bleach area can move, for example again by
a simple diffusion process. We frequently use also longer bleaching periods. This
can be helpful, for example in understanding how many fluorescent molecules
are estimated to be in a closed compartment, or by equilibrating a flux into a
compartment with the sink created by the laser beam. The literature on FRAP
and the other bleaching techniques is huge and we do not try here to give a
complete overview. A paper describing and applying techniques very close to
techniques we frequently use in the laboratory is [31].

The are many more ways of measuring specific parameters and mechanisms
of the model proposed, most of them related to in-vitro measurements, for ex-
ample measuring kinetic constants etc. We cannot go into any detail here, but
emphasise that information from different sources (and on different scales) will be
needed in a successful modelling attempt. Geometrical information is discussed
in the next subsection.

4.1 Cell Compartmental Geometry

The images of Fig.[Bldid not allow to retrieve the geometry of the chloroplast. The
membrane system inside a chloropast is very complex, consisting of various so
called thylakoid staples which host the light harvesting complexes. In this case it
would be better get the problem geometry from other sources, for example from
electron microscopy (EM) with a much higher resolution. Sometimes however the
confocal microscopy resolution is sufficient. Figure[6lshows a fibroplast cell which
is almost flaff]. Here the essential geometry of the membrane system (plasma
membrane, nuclear envelope) could be recovered.

8 There are also activatable fluorescent molecules which can be activated by a laser
beam. In this case the sink becomes a source.
" This justifies a 2D approach in the modelling.



56 M. Kirkilionis et al.

(a) . (b) .

Fig. 5. The start of two different continuous bleaching experiments with the help of a
confocal microscope. Courtesy of Colin Robinson’s laboratory (University of Warwick).
Each picture shows a single chloroplast inside a single pea protoplast (the outer rigid
cell wall has been removed) plant cell. (a) A bleaching example where pure GFP was
translocated into the chloroplast. This molecule cannot bind to any membranes inside
the chloroplast. As this molecule is rapidly diffusing the bleaching area is only visible
indirectly as a larger area of fluorescence depletion in the lower part of the chloroplast.
(b) A membrane protein has been translocated into the chloroplast. The bleaching
area in the top of the picture can be clearly seen as the protein is largely immobile,
most likely bound to the membrane system. Illustration taken from [I3].

Fig. 6. Domain with nested subdomains. Left the original fibroplast microscopy image
inside a modelling programme to retrieve the (sub-)domain shapes, courtesy of Gimmi
Ratto, see also [33]. Right: The main domain represents the cell body, the main sub-
domain represents the nucleus, and the four inner sub-subdomains (green) represent
nucleoli. Illustration taken from [I3].

4.2 Simulation Results

In order to compare measurements with simulations we best visualise the com-
puted solutions on the geometry we have retrieved from the experimental situ-
ation. We illustrate this in Figure [ with the help of the fibroblast example.
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Fig. 7. Concentration function p(t,z) at selected times for a simulation on the entire
two-dimensional fibroblast shape. In this simplified signalling problem a molecule is re-
leased (activated) uniformly at the plasma membrane, diffuses inside the cytoplasm, can
enter the nucleus (a sub-domain, i.e. a nested domain of level 1) following a simple linear
relationship based on concentration differences (not modelling the NPCs in detail), and
finally distributes itself inside the nucleus where it can get bound to the nucleoli modelled
as sub-sub-domains (nested domains of level 2). Illustration taken from [13].

5 The Cell as an Information Processing Device

Membrane computing and modelling and simulation of cellular molecular dis-
tributions have been defined and introduced for completely different purposes.
Membrane computing is very generally speaking taking up successfully ideas
from biology to theoretically analyse algorithms. The concept is to structure
algorithms that eventually can solve certain computational tasks in finite time.
This is a step away from the Turing machine. This theoretical device is as un-
structured as possible, i.e., it was designed to investigate a very general class
of algorithms and checks whether a given programme encoded in bits stops af-
ter performing only finitely many discrete steps (stopping problem). Algorithms
solving problems in a modern world, like regulating traffic in a city, are surely
necessarily much more structured. They are expressed in languages that are ob-
ject oriented, which means there are surely 'membranes’ around the objects that
protect local variables to be overwritten etc. Nevertheless information has to
enter and leave the objects. This is indeed very close to the biological situation
of a cell. As mentioned in the introduction it is very likely that the complex
membrane systems we see in eukaryotic cell are linked to the fact that cells in a
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multi-cellular organisation have to solve much more different tasks. Such tasks
are always better and more robustly solved if they can be distributed to differ-
ent specialised sub-units, the organelles. The cell developed different mechanisms
how molecules can pass the membranes, in cell biology called ’translocation’. It
was on purpose we have chosen a transcription factor (TF) to explain how mole-
cular processes do solve the task of reacting to signals stemming from outside the
cell. Such processes are usually called ’signalling pathways’. The transcription
factor is for example released or better activated close to the plasma membrane
where the receptors measuring the outside Signaﬁ are located. They finally have
to reach the respective gene which needs to be activated in order to respond to
the changes of the environment, here signalled by a changing signalling extra-
cellular molecular concentration. Nevertheless the task might not be so straight-
forward. The internal state of the cell may act as a filter of the incoming signal.
A gene might only be switched on if a transcription factor reaches the gene
in the right way. It may be required that the signal is repeated just with the
right amplitude and frequencyi]. To work as a filtering information processing
device the cell needs to be able to adapt its internal state, including the regu-
lation of membrane proteins enabling other molecules to cross membranes. To
understand these processes it was always good practise to try a forward simu-
lation, i.e. to model the different sub-processes that might lead to the observed
molecular distributions, assemble them in a system, and compare prediction and
measurement for a given period of time. In this paper we have defined a possible
framework with which such computations can be performed. It is striking how
close the concepts are in relation to ideas from membrane computing. This is
no coincidence, as both approaches need to directly abstract cellular biological
performance.

6 Discussion

We can easily see the similarities and differences between membrane computing
and cellular interface problems (CIP) when we look at the definitions of both
’processes. Following the definition of a transition P system in [32] (of degree
m > 1) such a system is a construct of the form

I = (O,CZ/JL,wh’LUQP..7U}m,.R17]%2,...,.Z'?um/io)7
with

1. O is the (finite and nonempty) alphabet of objects,
2. C' C O is the set of catalysts,

8 For example a hormone.

9 For example such processes are important for synaptic plasticity where only a re-
peated signal should be interpreted as ’learning’, i.e. increasing synaptic transmission
strength.

10 Both membrane computing and cellular interface problems can be called processes
as they necessarily change both generically their state in time.
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3. p is a membrane structure, consisting of m membranes, labeled 1,2, ..., m;
we say that the membrane structure, and hence the system, is of degree m,

4. wi,ws, ..., wy, arestrings over O representing the multisets of objects present
in regions 1, 2, ..., m of the membrane structure,

5. R1, Rs,..., R, are nite sets of evolution rules associated with regions 1,2,
...,m of the membrane structure,

6. i, is either one of the labels 1,2,...,m, and the respective region is the

output region of the system, or it is 0, and the result of a computation is
collected in the environment of the system.

The rules related to this system are of the form u — v or u — v6, with u € O"
and v € (O x Tar)*, where Tar = {here,in,out}. The rules are applied to be
maximally parallel. We first focus on similarities. The membrane structure p can
be interpreted as identical in the cellular interface problem, but there will be in
addition the geometrical information needed for the simulation. The 'molecules’
in the P systems are also represented by a finite number of different species,
labelled w1, wo, . ... There is no direct relationship between the evolution rules
Ri, Ry, ..., R,, and the transitions in the CIP. Of course the mass-action kinetic
reactions we have briefly discussed do deliver such rules, but there are other
transition rates related to the transport process (not incorporated to the transi-
tion P system) and the translocation processe over membranes. The labelling
of the species in order to follow their membership to certain compartments is
done in the same way as in the transition P system.

Many differences between P system and CIP result from the fact that the CIP
is formulated completely discrete, whereas the CIP on its macroscopic level is
completely formulated in a continuous framework. This can be seen by comparing
the alphabet O of the P system and the vector of concentrations p formulated for
the CIP. This can be explained by introducing the concept of scale, both in space
and time. For a P system temporal scale is largely irrelevant as it is a powerful
computational concept. Like for a Turing machine it is important to perform
the steps defined by the rules of the P system and the definition of a universal
clock where discrete steps (events) are performed in a maximally parallel way as
long as the system has not reached its final configuration. For the CIP scale is
crucial, both for time and space. Processes can take place at different temporal
and spatial scales, and during the so called multi-scale analysis (see [3834])
these processes will look different in the final outcome of the model. To make
this point was the reason to include a long discussion of the channel dynamics
where we motivated how to derive the corresponding interface conditions.

It could be argued that this distinction between discrete and continuous frame-
works is artificial. In fact we could just define all transitions of the CIP on a
microscopic scale, where discrete particles would follow stochastic processes. This
is in fact a true statement. Nevertheless a scale problem would arise also in this
framework, the events of different molecular processes would happen at different
time scales. This would mean we would need to go to the smallest time scale
present in the system, and define all other processes in terms of this basic scale.

1 Just as an example we have discussed in detail a given channel dynamics.
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The result would be an infinitely complex system which we presently could not
handle even on large computers. The reason for this is that we would need to
give up using all different averaging procedures which have been developped
to derive simpler, macroscopic, often called ’effective’ equations on relatively
large temporal and spatial scales. It is in fact ’averaging’ in a wider sense that
motivates the use of continuum models if direct modelling and simulation of (bi-
ological) temporal and spatial processes is the given task. It would be interesting
to investigate if such concepts also could apply for the further development of P
systems.
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Abstract. Cellular systems present a highly complex organization at
different scales including the molecular, cellular and colony levels. The
complexity at each one of these levels is tightly interrelated. Integrative
systems biology aims to obtain a deeper understanding of cellular systems
by focusing on the systemic and systematic integration of the different
levels of organization in cellular systems.

The different approaches in cellular modeling within systems biology
have been classified into mathematical and computational frameworks.
Specifically, the methodology to develop computational models has been
recently called executable biology since it produces executable algorithms
whose computations resemble the evolution of cellular systems.

In this work we present P systems as a multiscale modeling frame-
work within executable biology. P system models explicitly specify the
molecular, cellular and colony levels in cellular systems in a relevant and
understandable manner. Molecular species and their structure are rep-
resented by objects or strings, compartmentalization is described using
membrane structures and finally cellular colonies and tissues are modeled
as a collection of interacting individual P systems.

The interactions between the components of cellular systems are de-
scribed using rewriting rules. These rules can in turn be grouped together
into modules to characterize specific cellular processes. One of our cur-
rent research lines focuses on the design of cell systems biology models
exhibiting a prefixed behavior through the automatic assembly of these
cellular modules. Our approach is equally applicable to synthetic as well
as systems biology.

1 Introduction

Models in systems biology has been recently classified according to their se-
mantics into denotational and operational models [6]. Models with denotational
semantics are the classical approach in modeling cellular systems which uses a
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set of equations to describe how the quantities of the different molecular species
are related to each other over time. The classical example are ordinary and par-
tial differential equations. In this case the behavior of the system is obtained by
approximating numerically these equations. On the other hand, computational
models have operational semantics which describe the behavior of the system
using an algorithm or list of instructions that can be executed by an abstract
machine. The models developed within this last framework has been termed
recently ezecutable biology [0]. In this case a more detailed description of the
processes producing the behavior of the system is provided.

Several formal computational approaches have been proposed to model cellu-
lar systems like Petri nets [10] and process algebra [19]. They mainly focus on
system specification at the molecular level: membranes, compartmentalization
and cellular colonies are seldom described. This fact makes it difficult to study
multicellular systems whose function is determined by molecular interactions.

Membrane computing is a branch of natural computing inspired directly from
the structure and functioning of the living cell [14]. It has been applied to cellular
modeling as one of the few computational frameworks which presents an integra-
tive approach to multiscale systems ranging from the molecular to the multicellu-
lar level. Specifically, it represents the molecular interaction level of living cells
using objects or strings and rewriting rules; the compartmental/cellular level
using membranes; and the colony level using collections of membranes called
membrane structures. The devices of this computational paradigm are referred
to as P systems. Although most research in P systems focuses on the study of the
computational power of the different proposed variants, recently their application
as a modeling formalism to cellular systems is emerging [BIAVTTTIT7202TIT5].
In this paper we discuss through a running example the use of P systems as a
multiscale modeling framework for cell systems biology models.

The paper is organized as follows. Stochastic P systems for cellular model-
ing are introduced in Section 2. Section 3 presents the running example used
throughout this paper. The modeling principles in P systems are described in
Section 4. Modularization in P systems is briefly discussed in Section 5. Finally,
conclusions and future work are discussed in Section 6.

2 Stochastic P Systems

The original strategy for the application of the rewriting rules in P systems was
based on maximal parallelism and non-determinism [I3]. This strategy does not
represent the rate at which molecular interactions take place as every object that
can evolve according to any rule must evolve in a single computation step, with-
out taking into account that some molecular interactions are more frequent than
others. Moreover, the real time evolution of cellular systems is not captured as
all the computation steps are assumed to be of the same time length, neglecting
the fact that some molecular interactions are faster than others.

Different strategies for the application of the rewriting rules in P systems have
been studied [BI§]. Specifically, a sequential stochastic strategy based on Gille-
spie’s theory of stochastic kinetics [9] was introduced in order to overcome the two
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previous problems when developing a modeling framework for cellular systems bi-
ology based on P systems [16]. Here we refer to this variant as stochastic P systems.

Definition 1 (Stochastic P Systems). A Stochastic P system is a construct:
I = ((Zobjs Zstr)s Ly g1, My, o, My, (RYY R, L (RYY Ry,

ll ’ lnz

where:

o Yoy is a finite alphabet of objects representing molecular species whose in-
ternal structure is not relevant in the functioning of the system under study.

o Y 18 a finite alphabet of objects representing relevant parts of some molec-
ular species in the system. These objects are arranged into strings describing
the structure of molecular species.

o L = {l1,...,lm} is a finite alphabet of symbols representing compartment
labels used to identify compartment classes. Compartments with the same
label share the same class, i.e., set of rewriting rules and initial multisets.

e i is a membrane structure consisting of n > 1 membranes defining compart-
ments identified in a one to one manner with values from {1,...,n} and
labeled with elements from L.

o M;, = (wy,st), for each 1 <t < m, is the initial state of the compartments
from the class identified by label l;, where w, € X7, is a finite multiset of
individual objects and sy is a finite set of strings over Xg.,.. A multiset of
objects, obj is represented as obj = o1+ 02+ ...+ 0p with 01,...,0p € Xop;.
Strings are represented as follows (s1 - Sa -+ Sq) Where s1,...,8¢ € Xgpr.

. szj = {r Obj’l‘,...,rzl:i]ll‘ Y, for each 1 < t < m, is a finite multiset of
rewriting rules on multisets of objects associated with compartments of the
type specified by the label l,. The rewriting rules on multisets of objects are
of the following form:

) obj,l¢
r%0 s objy [obja]i “— objf [objh i (1)
with objy, 0bja, 0bj1, 0bjs some finite multisets of objects from Xop; andl a la-
bel from L. These rules are multiset rewriting rules that operate on both sides
of membranes, that is, a multiset obj1 placed outside a membrane labeled by

l and a multiset obja placed inside the same membrane can be simultaneously

replaced with a multiset obj| and a multiset objh, respectively.

Note that a constant 2 is associated specifically with each rule. This
constant will be referred to as stochastic constant and is key to provide P
systems with a stochastic extension as it will be used to compute the prob-
ability and time needed to apply each rule. This constant depends only on
the physical properties of the molecules and compartments involved in the
reaction described by the rule like temperature, pressure, pH, volume, etc.

Ritr = {rstrle Ztt 1} for each 1 <t < 'm, is a finite set of rewriting

rules on multisets of strmgs and objects associated with compartments of the
type defined by l; and of the following form:

str,ly
C. v
str,ly

i [obj + str]; T [obj’ + str';stri + ...+ stri]; (2)
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with obj, obj" multisets of objects over Xop; and str, str', stry, ..., strl strings
over Y. These rules operate on both multisets of objects and strings. The
objects obj are replaced by the objects obj’. Simultaneously a substring str is
replaced by str’ whereas the strings str}, ..., str. are produced to form part
of the content of the compartment. In the same way as for rewriting rules on

multisets of objects a stochastic constant cj”’l‘ 18 associated with each rule.

The previous definition is provided with a stochastic strategy for the application
of the rewriting rules by extending the Gillespie algorithm to the multicom-
partmental structure of P systems. The resulting algorithm has been referred to
as the Multicompartmental Gillespie Algorithm (MGA) [I6]. The Gillespie algo-
rithm [9] can only be applied directly in a single, fixed and well mixed volume.
In our approach the first step consists of treating each compartment defined by
a membrane as a fixed and well mixed volume where the rewriting rule to be ap-
plied and the elapsed time before its application is computed using the Gillespie
Direct Method. Our algorithm then applies the corresponding rules following the
order determined by these waiting times. After the application of each rule the
algorithm recomputes the rules to be applied and the waiting times in the com-
partments affected by the application of the last rule using the Gillespie Direct
Method. Finally, the MGA halts when a prefixed simulation time is reached or
no further rules can be applied.

3 Running Example

In order to illustrate our modeling framework we will use an abstract gene reg-
ulation system inspired from the functioning and structure of the lac operon in
Escherichia coli (E. coli). This operon consists of three structural genes, lacZ,
lacY and lacA, located sequentially on the genome and transcribed into one
single mRNA. Their protein products are involved in the sensing, uptake and
metabolism of lactose. The transcription of the lac operon is both positively and
negatively regulated and it is considered a canonical example of gene transcrip-
tion regulation in prokaryotes [18].

The linear structure of the lac operon (Figure[ll) starts with a region called cap
where the activator protein CRP binds and increases the rate of transcription.
Following this site there is an operator sequence that we will refer to as op where
the repressor protein Lacl binds to stop transcription. The structural genes lacZ,
lacY and lacA then follow. The first gene lacZ codifies the enzyme (-galactosidase
involved in the metabolism of lactose by cleaving it into glucose and galactose;
allolactose appears as a byproduct of this reaction. The protein product of the
second gene lacY is a permease that associates to the cell membrane and acts
as a pump transporting lactose into the cell. The function of the protein coded
in the last gene lacA is not yet fully understood.

The regulation of the lac operon allows E. coli to express the genes in the
operon only when it is more beneficial for the cell. In the absence of lactose in
the media the repressor Lacl binds to the operator op preventing the structural
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[cap T op | lacz | lacY [ TacA ]

4
(cap.op.lacZ.lacY lacA)

Fig. 1. A schematic representation of the structure of the lactose operon (top) and its
representation as a string (bottom)

genes from being transcribed since they are not needed under these conditions.
Nevertheless, occasionally the repressor drops from the operator producing a
basal transcription of the operon.

When lactose becomes available it starts to be transported inside the cell by
the basal number of LacY proteins on the cell surface. Once in the cytoplasm
it interacts with the basal number of 3-galactosidase producing as a byproduct
allolactose. Allolactose in turn binds to the repressor Lacl and changes its state
so it cannot bind to the operator allowing transcription of the structural genes.
The resulting increase in production of LacY and g-galactosidase forms a positive
feed-back loop increasing the number of allolactose molecules which interact with
the repressors preventing premature termination of transcription.

The lac operon is also under positive regulation by the protein CRP. This
protein is activated by the glucose transport system and when active it binds to
the cap site facilitating transcription. Even in the presence of lactose if glucose
is present in the media CRP will not be active as the transport system will
be occupied, pumping glucose into the cell. Therefore CRP will not bind to
the operon to assist transcription. Only in the presence of lactose and absence
of glucose will CRP be active and bound to the operon, producing the full
transcription of the operon.

This gene regulation system will be used in the following section as the running
example illustrating our modeling principles.

4 Modeling Principles

The complexity of cellular systems is organized into different levels ranging from
the molecular to the cellular and colony scales. These levels of complexity are not
independent instead they are tightly interrelated influencing each other directly.
In this respect, stochastic P systems present an integrating multiscale modeling
framework which explicitly specifies the molecular, cellular and colony levels in
cellular systems in a relevant and understandable manner.

One of our research lines consists of the development of integrative modeling
principles within the modeling framework of stochastic P systems. More specifi-
cally we will present some ideas on how to describe molecular species, cellular re-
gions and compartments, molecular interactions, gene expression control and cell
colonies. Our running example will be used to illustrate our modeling principles.

e Molecular species: These are specified as individual objects or strings of
objects. Molecules with an internal structure that is relevant in the
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functioning of the system are specified using strings. For example, gene
operons with a linear structure consisting of promoters, operators, tran-
scription/translation starting points, etc, otherwise molecular species are
described using individual objects.

Table 1. Specification of the molecular species in the lac operon

Molecular Species Object

RNA Polymerase RNAP

Ribosome Rib

Repressor Lacl

Activator CRP CRP*

LacZ product LacZ Operon site Object
LacY product LacY Activator binding site  cap
LacA product LacA Occupied activator capCRP
Lactose Lact binding site

Allolactose Allolac Repressor binding site op
Glucose Gluc Occupied repressor oplac
Glucose transport al binding site P
system uc lacZ gene lacZ
Complex glucose lacY gene lacY
transport system Gluc-GT'S lacA gene lacA
Complex lactose lacZ mRNA mlacZ
LacY product Lact-LacY lacY mRNA mlacY
Complex lactose Lact-LacZ lacA mRNA mlacA
LacZ product

Complex lactose Lact-LacZ

LacZ product
Complex allolactose
repressor

Allolac-Lacl

Running example: The different molecular species in our example will be
specified according to this modeling principle. On the one hand, the proteins
and complexes of proteins involved in the regulation and expression of the lac
operon are specified as individual objects since we are not interested in their
internal structure (Table [[). On the other hand, each component of the lac
operon will be described using an object such that the lac operon structure
is specified as a string containing these objects in the specific order they can
be found in E. coli’s genome (Figure [II).

Membranes: Compartmentalization and membranes are fundamental in
the structural organization and functioning of living cells. Membranes do not
act as passive boundaries of cells and compartments; instead they play a key
role in the regulation of the metabolism and information processing between
the outside and the inside of compartments. P systems constitutes one of
the few computational frameworks which explicitly specifies compartments
and membranes. For instance, P systems have been used to study selective
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uptake of molecules from the environment [20], signalling at the cell surface
[12] and colonies of interacting bacteria which communicate by sending and
receiving diffusing signals [2J21]. In general P system membranes are used to
define relevant regions in cellular systems and therefore they do not always
correspond to real cell membranes although normally they do.

Running example: In the lac operon gene regulation system there are two
relevant regions. Namely, the bacterium surface where LacY and GT'S act
as pumps transporting lactose and glucose into the cell and the aqueous
interior or cytoplasm where the operon is located together with the different
transcription factors and proteins. These two regions are represented using
two membranes embedded one inside the other to described the structure of
an E. coli bacterium (Figure [2]).

(G 8\

cytoplasm

cell-surface

& "4

Fig. 2. Graphical representation of the membrane structure specifying an E. coli
bacterium

e Molecular processes consisting of protein-protein interactions and
protein translocation: Such processes are normally described in P systems
using rewriting rules on multisets of objects. Our P system modeling frame-
work aims at providing a comprehensive and relevant rule-based schema for
the most common molecular interactions taking place in living cells. More
specifically, our approach focuses on the transformation and degradation of
molecular species, the formation and dissociation of complexes, and the basic
processes of communication and transport between different compartments
in cellular systems (Table [2]).

Running example: The protein-protein interactions in our gene regulation
system are described using the rewriting rules on multisets of objects pre-
sented in Table[Bl Rules 729, 730,731 and r3o are examples of complex forma-
tion and dissociation rules. The degradation and dilution of different proteins
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Table 2. P system rule-based schemas for the most common molecular interactions

Molecular Interaction P System Rules
Transformation and Degradation [a]; — [b]; [a]i == ]

Complex formation and dissociation [a + b ]; = leli[eh <5 [a+b]

Diffusion in and out al | 25 (al [ali®al ]
Binding and debinding albli (el [eli 2 alb]
Recruitment and releasing albi Ze[ i el i Zalb)

is specified in rules ro2, r23 and r94. Finally, active uptake of glucose and lac-
tose are modeled using the binding and releasing rules ro7, 128, 733 and r34.
Gene expression control: The sensing of signals and the processing of
the information they convey is performed in living cells through molecular
interactions of the type presented in Table 2l The response of cells to these
signals consists of the expression of appropriate proteins codified in specific
genes. Gene expression control has been described in P systems using either
rewriting rules on multisets of objects or rewriting rules on multisets of
objects and strings according to the structural organization of the genes in
the system under study. Tables dl and [l presents these two alternatives for
the specification of the most important processes in gene expression control;
transcription factor binding and debinding, transcription and translation.

From a simplistic point of view the processes involved in transcription fac-
tor binding and debinding, transcription and translation can be represented
by individual rewriting rules on multisets of objects (Table H]). Nevertheless,
these processes are very complex and they consist of different stages like op-
erator/promoter recognition by transcription factors and RNA polymerase,
transcription/translation initiation/termination, elongation, etc. A more ac-
curate and detailed description of all these processes is achieved by using
rewriting rules on multisets of strings and objects of the form of the rules in
Table Bl

Running Example: The gene regulation control in the lac operon is modeled
using the rewriting rules on multisets of objects and strings given in Table[3l
More specifically, the binding and debinding of the activator and repressor
to their corresponding binding sites is represented using rules rs,r4, 77 and
rg. Transcription initiation in the presence and absence of the promoter site
occupied by the activator CRP* is specified using rules r1,72,7r5 and rg.
The transcription of the structural genes lacZ, lacY and lacA is described
by the rules rg, 719,711 and r12. Finally, translation and mRNA degradation
is modeled with the rules 713 - ro1.

Cell colonies: The last level of organization that has been represented using
P systems consists of cellular systems where cells form colonies by interacting
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Table 3. Lac Operon Regulation Rules

Nr. Rule Stochastic Constant
ri: [RNAP 4 (cap) ]y = [{(cap.RNAP) ], c1 =5x%x 10" 3min™!
r2: [(cap.RNAP) ), =2 [RNAP + (cap) s c2 = Imin™!

r3: [CRP* + (cap) |y = [{cap®BF7) ], c3 = 16.6min ™!

ra: [ (capfP7Y ]y =5 [ CRP* + (cap) o c4 = 10min~*

rs: [RNAP 4 (cap®®") ], <=2 [(cap®™ .RNAP)], ¢5 = 0.2min~"

re: [ {cap®BFT RNAP) ], =% [RNAP + (cap®®F") ]y ¢6 = Imin~*

r7: [ Lacl 4+ (op) |s == [ {op™®*<) ], cr = 166min~"

rs [ (op™*!) ]y, =% [ Lacl + (op) |s cs = 0.1min™"

ro: [(RNAP.op)]o = [(op.RNAP)], co = 3min~!

r0: [ (RNAPlacZ) ]y 2% [(lacZ.RNAP); (mlacZ) |, cio = 0.78min "

ri1: [(RNAPlacY) ]y 25 [(lacY.RNAP); (mlacY) ] ci1 = 1.92min™*

ri2: [(RNAPlacA) |, <% [RNAP + (lacA); (mlacA) | c12 = 4min~*

ri3: [ Rib+ (mlacZ) ]y 2% [ (Rib.mlacZ) ] c13 = 0.12min ="

ria: [ Rib+ (mlacY) |, 2% [ (Rib.mlacY) |, c1a = 0.12min ™"

ri5 : [ Rib+ (mlacA) ], =% [ (Rib.mlacA) ] c15 = 0.12min ="

ri6 : [ (RibmlacZ) |, 2% [ Rib+ LacZ + (mlacZ) |, c16 = 0.12min ™"

ri7: [ (RibomlacY) |p 25 [ Rib+ LacY + (mlacY) |, c17 = 1.73min ™"

ris ¢ [ (Rib.mlacA) |, 25 [ Rib+ LacA + (mlacA) |, c1s = 3.55min ™!

rio: [(mlacZ) e 2% [ I c19 =6 x 10 3min~?!
r20 : [{(mlacY) o =% [ b c20 =6 x 10 *min~"
ro1: [(mlacA) s =5 [ T c21 =6 x 10 min~!
T2 [LacZ |y 22 [ s a2 = 6.9 x 10" 2min~!
Tro3 : [LG,CY ]b 23, [ ]b c23 = 6.9 X 10 2min~*
ros: [LacAly 2% [, c214 = 6.9 x 10 >min™"
ras ¢ [ LacY Jp =25 LacY [ I cos = 1min™*

rae : LacY [ Jp 2% [ LacY c26 = 0.7min~ !

ror ¢ Lact [ LacY s 2% [ Lact-LacY |s cor = 10min~"

ros : Lact-LacY [ p 228, LacY [ Lact ]p cos = 10min ™!

ra9 : [ Lact + LacZ ]y =% [ Lact-LacZ s c29 = 10min~"

r3o : [ Lact-LacZ |y 30, [ Allolac + LacZ cs0 = 10min~?!

ra1: [ Allolac + Lacl ], =25 [ Allolac-Lacl 1y c31 = lmin™*

r3g : [ Allolac-Lacl p REN [ Allolac + Lacl 1y cso = 10 *min~?!

raz : Gluc [ GTS s REN [ Gluc-GTS s ¢33 = Imin~!

341 Glue-GTS [ |» 2% GTS [ Gluc ] c3a = 10min~"

rss : GT'S [CRP ]b R GTS [CRP* ]b c35 = 6.9 X 10 3min~*
r36: [CRP* ]y =% [ 36 = 0.069min ™!

and exhibiting coordinated behavior. The specification of the environment
where the colony of cell is located cannot always be described by a single
membrane since it is normally too big to be considered a well mixed vol-
ume or region where the Gillespie Algorithm can be applied. In this respect,
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Table 4. P system rule-based schemas for gene expression control using multisets of
objects

Molecular Interaction Rules on Multisets of Objects

Transcription Factor [Tf+ gene ], =% [T f-gene |
Binding and Debinding [ Tf—gene |, ot [Tf + gene ]

Transcription [ gene i =5 [ gene + rna i
Translation [rna ) =5 [ rna + prot ],

Table 5. P system rule-based schemas for gene expression control using multisets of
objects and strings

Molecular Interaction Rules on Multisets of Strings and Objects

Transcription Factor [ Tf -+ (op) |1 <% [ (op’) |i
Binding and Debinding [ (op') ], Coff [Tf + (op) |

[ RNAP + (prom) i =% [ (prom.RNAP) ],
Transcription [ (so.w.RNAP.sn) |s Lely [ (sn-so.w.sny.RNAP) |,
[ (s0.w.RNAP.s) |; 25 [ RNAP + (s4); {s0.w.5:)]s

[ Rib 4 (s0) 1 = [ (siteo.Rib) |;
Translation [ (Rib.sn) |1 45 [ (sn.Rib) |;
[ (Rib.s:) 1 < [ Rib + Prot + (s¢) |;

the environment is divided into a set of small regions that can be consid-
ered well mixed volumes. These regions are then connected according to a
graph defining the topology of the environment. This structure has been
termed multienvironment [1I]. A cell colony is then specified as a collec-
tion of individual P systems representing individual cells distributed over
the multienvironment. These P systems interact by passive or active trans-
port rules using some of the specifications of molecular interaction described
previously. The different regions in a multienvironment can also interact by
passive diffusion rules of the following form:

[obj ]y = [ Jv —= [ ]: — [obj]i (3)

These rules are multiset rewriting rules that operate on two environments,
one labeled [ which is linked to another environment labeled I’. A multiset
obj is removed from the first environment and placed in the second one. In
this way, we are able to capture in a concise way the diffusion of signals from
one region to another in a large environment. As well as objects, P systems
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Fig. 3. Evolution over time of the average of the LacY protein products over a colony
of 1000 bacteria for four different environmental conditions representing the presence
and/or absence of glucose and/or lactose
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colony of 1000 bacteria
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representing individual cells can be moved from one environment to another
using the following type of rules:

(e =1 == [ = o (4)

When a rule of this type is applied, a membrane with label I’ and all its
contents, objects and other membranes, are moved from an environment
labeled [ to another connected to it that must be labeled !’. This colony
level specification of P systems was introduced in [2] and was used to model
the quorum sensing system in the marine bacterium Vibrio fischeri from an
artificial life perspective in [21].

Running Example: In our case study we have examined the behavior of a
colony of 1000 bacteria located inside a single environment. Each bacterium
was represented using the membrane structure in Figure 2l the rewriting
rules in Table Bl the objects in Table [l and the string in Figure [Il We have
run simulations for four different environmental conditions representing the
presence and/or absence of glucose and/or lactose.

We computed the average across the entire colony of the number of LacY
protein products over time (Figure[3). Our results were in agreement with the
known behavior of E. coli which prefers to consume glucose to lactose. Only
in the absence of glucose and presence of lactose will E. coli fully express the
lac operon and activate the processes involved in the uptake and metabolism
of lactose.

In order to get a more detailed idea of the behavior of the colony we
studied the frequency of the number of LacY protein products over all
the bacteria in the case when only lactose is present in the environment
(Figure M]). The number of LacY protein products over the colony is a bi-
modal distribution. Most bacteria fully express the lac operon, whereas a
small but still noticeable fraction of the colony does not activate the uptake
and metabolism of lactose. This type of behavior is characteristic of gene
regulation systems with positive feedback loops [I].

5 Modularization

Cellular processes arise as emergent behavior from the interactions between
many molecular species. It has been postulated that although these interac-
tions are apparently messy they are arranged in a modular way. Our P system
modeling framework supports the use of modules of rules to represent biological
functions that are separable or orthogonal to some extend from the functioning
of the rest of the system. A P system module is a set of rewriting rules of the
forms previously introduced describing molecular processes occurring frequently
in cell systems. A module is identified with a name and three sets of variables, V,
representing the molecular species; C, the stochastic constants associated with
each rules; and Lab, the labels of the compartments involved in the rules. Since
a module is a set of rules starting from simple modules more complex modules
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can be constructed by applying set union. Table [ presents example P system
modules describing the most common regulation mechanism in gene expression.

Following this idea one of our current research lines focuses on the automatic
development of cellular models exhibiting a prefixed behavior by assembling P
system modules automatically. Our methodology optimizes both the modular
structure of the P systems and the stochastic constants associated with the
rules. Specifically, our methodology consists of two nested genetic algorithms:
the first one evolves the combination of modules or modular structure of the
model whereas the second one optimizes the stochastic constants associated with
the different rules in the modules. Our approach is incremental, by starting
with simple predefined modules from an elementary library newly generated
modules obtained by combining these elementary modules are added to the
library after having been analyzed and validated. This allows us to develop more
intricate and circuitous modular structures. Our methodology has been tested
on three case studies, namely, molecular complexation, enzymatic reactions and
autoregulation in transcriptional networks [22].

Table 6. Three examples of P system modules describing the most common regulation
mechanisms in gene expression

Molecular process |P System Module

o . [gene | =5 [ gene +rnal; [rnali —2 [ |
Constitutive Expression

[rnali = [rna+pli  [pli ==

[a+ gene ] =5 [a.gene ], [a.gene ], = [ a + gene |,
Positive Regulation | [ a.gene ], N [ a.gene +rna ], [rna s N [ L

[rna]i == [rna+p ] [Pl =[]

[gene || == [ gene+rnal; [T + gene || = [ r.gene |,
Negative Regulation [r.gene ]l l [7" =+ gene h [frna }l i) [ }l

[rna]i = [rna+p]i [P =[]

In cellular systems, modularization does not only arise from chemical speci-
ficity, but is also determined by spatial localization of molecular species in dif-
ferent compartments. The P system modules introduced so far only describe
modularity due to chemical specificity. No geometric information is associated
with any components of P systems. Recently we have proposed to extend pop-
ulation P systems by using finite lattices on which individual P systems are
distributed. These P systems communicate by sending and receiving objects
according to rules of the following form:

[objli = [ v 5 [10 = [obj v (5)

The application of a rule of the previous form in a P system II; located in
position p, moves the objects obj from the skin membrane [ of II; to the skin
membrane !’ of P system II;s located in position p + v. The stochastic constant
¢ associated with the rule plays the same role as in the previous cases.
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6 Conclusions and Future Work

In this paper we have presented P systems as a modeling approach within eze-
cutable biology able to specify and simulate multiscale systems ranging from the
molecular to the cell and colony level. The modeling principles used in P systems
for the specification of molecular species, networks of interacting molecules, in-
dividual cells and collections of cells have been discussed. A running example
consisting in an abstract gene regulation system based on the lac operon has been
used to illustrate our approach. Our results show the characteristic bimodal be-
havior of a colony of bacterial cells with a positive feed back loop.

This framework is currently being extended and implemented in a software
system with integrates stochastic simulation of multicellular P system models
with analytic techniques based on model checking and automate model genera-
tion through the assembling of P systems modules. This framework is also being
used to develop models of plant hormone transport in Arabidopsis thaliana and
quorum sensing in Pseudomonas aeruginosa.
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Abstract. We study computational properties of conformon P systems,
an extension of P systems in which symbol objects are labeled by their
current amount of energy. We focus here our attention to decision prob-
lems like reachability and coverability of a configuration and give positive
and negative results for the full model and for some of its fragments. Fur-
thermore, we investigate the relation between conformon P systems and
other concurrency models like nested Petri nets and constrained multiset
rewriting systems.

1 Introduction

P systems [10] are a basic model of the living cell defined by a set of hierarchi-
cally organized membranes and by rules that dynamically distribute elementary
objects in the component membranes. Conformon P systems [5] are an exten-
sion of P systems in which symbol objects (conformons) are labeled with their
current amount of energy. In a conformon P system membranes are organized
into a directed graph. Furthermore, a symbol object is a pair name-value, where
name ranges over a given alphabet, and value is a natural number. The value
associated to a conformon denotes its current amount of energy. Conformon P
systems provide rules for the exchange of energy from a conformon to another
and for passing through membranes. Passage rules are conditioned by predicates
defined over the values of conformons. In [6] Frisco and Corne applied conformon
P systems to model the dynamics of HIV infection. Concerning the expressive
power of conformon P systems, in [5] Frisco has shown that the model is Turing
equivalent even without the use of priority or maximal parallelism.

In this paper we investigate restricted fragments of conformon P systems
for which decision problems related to verification of qualitative properties are
decidable. We focus our attention to verification of safety properties and decision
problems like coverability of a configuration [I]. The fragment we consider put
some restrictions on the form of predicates used as conditions of passage rules.
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Namely, we only admit passage rules with lower bound constraints on the amount

of energy as conditions (i.e., p(x) ey > cfor ¢ € N). The resulting fragment, we
will refer to as restricted conformon P systems, is still interesting as a model of
natural processes. Indeed, we can use it to specify systems in which conformons
pass through a membrane when a given amount of energy is reached.

For restricted conformon P systems, we apply the methodology of [I] to de-
fine an algorithm to decide the coverability problem. This algorithm performs a
backward reachability analysis through the state space of a system. Since in our
model the set of configurations is infinite, the analysis is made symbolic in order
to finitely represent infinite sets of configurations. For this purpose, we use the
theory of well-quasi orderings and its application to verification of concurrent
systems [I].

In the paper we also investigate the relation between (restricted) conformon P
systems and other models used in concurrency like Petri nets [I1], nested Petri
nets [8], and constrained multiset rewriting systems (CMRS) [2]. Specifically,
we show that conformon P systems are a special class of nested Petri nets, and
restricted P systems are a special class of CMRS. This comparison gives us
indirect proofs for decidability of coverability in restricted conformon P systems
that follows from the results obtained for nested nets and CMRS in [912].

To our knowledge, this is the first work devoted to the analysis of problems
like coverability for conformon P systems, and to the comparison of the same
models with other concurrency models like nested Petri nets and CMRS.

Plan of the paper. In Section Pl we introduce the conformon P systems model.
In Section [l we study decision problems like reachability and coverability. In
Section [l we compare conformon P systems with nested Petri nets and CMRS.
Finally, in Section Bl we discuss related work and address some conclusions.

2 Conformon P Systems

Let V be a finite alphabet and N the set of natural numbers. A conformon is an
element of V' x Ny where Ny = N U {0}, denoted by [X, z]. We will refer to X
as the name of the conformon [X, z] and to z as its value. In the rest of the paper
we work with multisets of conformons. We use {ay, ..., a,} to indicate a multiset
with elements aq, ..., a,, and symbols @ and S to indicate resp. multiset union and
difference. We use Cy to denote the set of conformons defined over alphabet V.

Conformons are situated inside a finite set of membranes or regions. Let N
be the set of membrane names. A configuration p is a tuple (indexed on N)
of multisets of conformons. For simplicity we often assume that membranes are
numbered from 1 to n and that configurations are tupled (&1,...,&,) where &;
is a multiset of conformons in Cy .

The dynamic behavior of conformons is described via a set of rules of the
following form:

— A creation rule has the form =A, where A € V, e € Ny, and m € N and
defines the creation of a conformon [A4, e] inside membrane m. A creation rule
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for conformon [A, e] in membrane m corresponds to a conformon [A, e] with
cardinality w in [5]. The use of creation rules allows us to obtain a better
comparison with other Petri net models as discussed later in the paper.

— An internal rule has the form AT—GYL>B7 where A, B € V,ee N, mée N and
defines the passage of a quantity e of energy from a conformon of type A to
one of type B inside membrane m.

— A passage rule has the form m<sn where m,n € N and p(z) is a monadic
predicate of one of the following forms x = a, x > a, x < b for a € Ny and
b € N. With this rule, a conformon [X, z] inside m can move to membrane
n if p(x) is satisfied by the current value of X.

As in tissue P systems, the underlying structure of membranes is here a finite
graph whose nodes are the membranes in N and edges are defined by passage
rules. We are ready now for a formal definition of conformon P systems.

Definition 1 (Conformon P system). A basic conformon P system of degree
m > 1 with unbounded values (cPsystem for short) is a tuple I = (V, N, R, uo),
V is a finite set of conformon names, N is a finite set of membranes names (we
assume that each membrane has a distinct name), R is a set of rules, po is an
initial configuration.

Given a configuration y, we say that an internal rule r = A->B is enabled at p if
there exist a conformon [A, x] € p(m) and a conformon [B,y] € pu(m) such that
x > e; we say in this case that r operates on conformons [A4, ] and [B,y] in 4. A

passage rule r = m<5n is enabled at w if there exists a conformon [4, x] € p(m)
such that p(x) is satisfied; we say here that r operates on conformon [A, z] in
1. Notice that creation rules are always enabled. The evolution of a conformon
P system II is defined via a transition relation = defined on configurations
as follows. A configuration p may evolve to p', written u = p’, if one of the
following conditions is satisfied:

— There exists a rule r = A%B in R which is enabled in p and operates on
conformons [4, z] and [B,y], and the following conditions are satisfied:
o p'(m) = (u(m) & {[A =], [B,yl}) @ {[A,x — €|, [B,y + el };
e u/(n) = p(n) for any n # m.
— There exists a rule 7 = m<on in R which is enabled in i and operates on
conformon [A4, z] (i.e., p(x) is true) and the following conditions are satisfied:
o p(m) = pu(m) © {[A, 2]};
o 1(n) = p(n) & {[A,]}:
e 1/(p) = ulp) for any p+m, n.
— There exists a rule r = %A in R and the following conditions are satisfied:
o p(m) = pu(m) & {[4, el};
* 1/(p) = p(p) for any p # m.

In the rest of the paper we use =* to indicate the reflexive and transitive clo-
sure of the transition relation =. Furthermore, we say that p evolves into p’ if
="', ie., there exists a finite sequence of configurations p1, . .., i, such that
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=1 = ... = p, = p'. Furthermore, given a set of configurations S, the set
of successor configurations is defined as

def

Post(S) = {u' | p= ', pe S}

and the set of predecessor configurations is defined as

Pre(S) S {i | 4/ = p, pe S}

Notice that the transition relation = defines an interleaving semantics for a
cPsystem II, i.e., only a single rule among those enabled can be fired at each
evolution step of II. This semantics is slightly different from the original se-
mantics in [5] where an arbitrary subset of all enable rules can be fired at each
evolution step. It is important to remark however that the two semantics are
equivalent with respect to the kind of qualitative properties (reachability prob-
lems) we consider in this paper.

As an example, consider the cPsystem with two membranes mq and meo and

= {4, B,C}, and with the rules - A, A—> B, and mi<>my where p(z) is
deﬁned by the equality = 3. In this "model the configuration ¢ = ({[B, 0]}, )
may evolve as follows:

¢ = (§[4,1],[(B,01},0) = ({[A,1],[A, 1], [B, 0]}, 0) =

(1A, 1], [A,1], [A,1], (B, 01}, 0) = ({[A, 1], [A, 1], [A,0], [B, 1]}, 0) =
(1A, 1], [A,0], [A,0], (B, 2]}, 0) = ({[4, 0], [4,0],[4,0],[B,3]},0) =
(14,0, [A, 0], [A, 0T}, {[B, 3]})

Finally, notice that both our semantics and Frisco’s semantics in [5] do not
require all enabled rules to be fired simultaneously as in the semantics of P
systems (maximal parallelism). In general, maximal parallelism and interleaving
semantics may lead to models with different computational power.

3 Qualitative Analysis of cPsystems

In [5] Frisco introduced the class of ¢Psystems with bounded values in which the
only type of admitted creation rules have the form %A i.e., the only type of
conformons for which there is no upper bound on the number of occurrences
in reachable configurations (finite but unbounded multiplicity) are of the form
[A,0]. In ¢Psystem with bounded values the total amount of energy in the system
is always constant. Thus, with this restriction, the only dimension of infiniteness
of the state-space is the number of occurrences of conformons. This kind of
restricted systems, say cPsystems with bounded values, can be represented as
Petri nets. Thus, several interesting qualitative properties like reachability and
coverability of a configuration can be decided for this fragment of cPsystems.
In the full model the set of configurations reachable from an initial one may
be infinite in two dimensions, i.e., in the number of conformons occurring in the
membrane system and in the amount of total energy exchanged in the system. In
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[5] Frisco has proved that full ¢Psystems are a Turing equivalent model. Despite
of the power of the model, we prove next that a basic qualitative property called
reachability can be decided for full cPsystems. Let us first define the reachability
problem.

Definition 2 (Reachability problem)
The reachability problem is defined as follows: Given a cPsystem II =
(V,N, R, up) and a configuration pi, does po =* p1 hold?

The following results then hold.

Theorem 1 (Decidability of reachability for full cPsystems)
The reachability problem (w.r.t. relation =) is decidable for any cPsystem.

Proof. The proof is based on a reduction of reachability of configuration pp in
a cPsystem IT to reachability in a finite-state system extracted from I7 and
1. The reduction is based on the following key observation. For two config-
urations po and p the set @ of distinct configurations that may occur in all
possible evolutions from pg to p; is finite. This property is a consequence of
the fact that internal and passage rules maintain constant the total number of
conformons and the total amount of energy of a system (sum of the values of all
conformons) whereas creation rules may only increase both parameters. Thus,
the total amount of conformons and of energy in configuration py gives us an
upper bound Ugc on the possible number of conformons and an upper bound
Uy on their corresponding values in any evolution from g to p1. Based on this
observation, it is simple to define a finite-state automaton S with states in Q and
transition relation ¢ defined by instantiating the rules in R over the elements in
Q. As an example, if V.= {A,B}, N = {m,n}, Uc = 10 and Uy = 4 and R
contains the rule r = A%B . Then, we have to consider a finite state automaton
in which the states are all possible configurations containing at most 10 elements
taken from the alphabet X' = {[X,n] | X € V,0 < n < 4}. The rule r generates
a transition relation 6 that put in relations two states p and g/ iff u(m) contains
a pair of elements [A,a],[B,b] € X such that a and a + 2 satisfy the condition
2<a,a+2<4, 1/ (m)=(u(m)o {[A,q],[B,b]}) @ {[4,a—2],[B,b+ 2]} and
@' (m’) = p(m') for all the membranes m’ # m. The finite automaton S satisfies
the property that p; is reachable from pg in the c¢Psystem II if and only if the
pair (uo, 1) is in the transitive closure of 6. The thesis then follows from the
decidability of configuration reachability in a finite-automaton. O

In order to study verification of safety properties, we need to introduce an order-
ing between configurations similar to the coverability ordering used for models
like Petri nets. We use here an ordering C between configurations p and u' such
that for each membrane m, each conformon in p(m) is mapped to a distinguished
conformon in g/(m) that has the same name and greater or equal value. This
ordering allows us to reason about the presence of a conformon with a given
name and at least a given amount of energy inside a configuration.
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Example 1. Consider the configurations

M1 = ({[Av 2]7 [A74]7 [373]}7{{[‘475}})
n2 = ({[A,4],[4,5], [B, 6], [C, 8]}, {[A, 7], [B,5]})

Then p1 T e, since [4, 2], [A, 4] and [B, 3] in membrane 1 of x4 can be associated
resp. to the conformons [4, 4], [4, 5] and [B, 6] in membrane 1 of p9; furthermore,
[A,5] in membrane 2 of i can be associated to conformon [A, 7] in membrane 2
of p2. Consider now the configurations

ns = ({[A,4],[4,5], (B, 1]}, {[A, 7], [B,5]})
Ha = ({{[A75]7[Bv6]}}’{{[‘4’ 7]’[375}})

Then, p1 £ 14 since there is no conformon in membrane 1 in pg with name B and
value greater or equal than 3. Furthermore, 1 Z p4 since we cannot associate
two different conformons, namely [A, 2] and [A, 4] in u1, to the same conformon,
namely [A,5], in p4. Finally, notice that the configuration p = ({[A,0]},0) is
such that p C p,; foré: 1,...,4. The configuration p can be used to characterize
the presence of a conformon with name A in membrane 1 no matter of how
energy it has.

The ordering C is formally defined as follows.

Definition 3 (Ordering C). Given two configurations p and ', p & u' iff
for each m € N there exists an injective mapping h,, from u(m) to p'(m) that
satisfies the following condition: for each [A,z] € u(m), if hm([4,z]) = [B,y],
then A= B and x <y ([A, z] is associated to a conformon with the same name
and larger amount of energy).

A set S of configurations is said upward closed w.r.t. C if the following condition
is satisfied: for any p € S, if u C g/ then p/ € S. In other words if a configuration
1 belongs to an upward closed set S then all the configurations greater than p
w.r.t. C belong to S either.

Consider now the following decision problem.

Definition 4 (Coverability problem). The coverability problem is defined as
follows: Given a c¢Psystem IT = (V,N, R, ug) and a configuration p1, is there a
configuration po such that po =* pe and p1 E po ?

Coverability can be viewed as a weak form of configuration reachability in which
we check whether configurations with certain constraints can be reachable from
the initial configuration. In concurrency theory, the coverability problem is
strictly related to the verification of safety properties. This link can naturally be
transferred to qualitative properties of natural systems. As an example, checking
if a configuration in which two conformons with name A can occur in mem-
brane m during the evolution of a system amounts to checking the coverability
problem for the target configuration uy defined as pa(m) = {[4,0], [A4,0]} and
pa(m’) = 0 for m’ # m. The following negative result then holds.

Proposition 1. The coverability problem is undecidable for full cPsystems.
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Proof. The encoding of a counter machine M in c¢Psystems can be adapted to our
formulation with creation rules in a direct way: conformons with w-cardinality
are specified here by creation rules. In the encoding in [5] an execution of the
counter machine M leading to location £ is simulated by the evolution of a
cPsystem [Ty, that reaches a configuration containing a conformon [£,9] in a
particular membrane, say m. Notice also that the membrane m cannot contain,
by construction, a conformon [¢,v] with v > 9. Thus, coverability of the config-
uration with [¢,9] inside m in IIj; corresponds to reachability of location ¢ in
M. Since location reachability is undecidable for counter machines, coverability
is undecidable for cPsystems. O

3.1 A Syntactic Fragments of cPsystems

In this section we show that checking safety properties can be decided for a
fragment of cPsystems with a restricted form of passage rules in which conditions
are only defined by lower bound constraints.

Definition 5 (Restricted cPsystems). We call restricted the fragment of
cPsystems in which we forbid the use of predicates of the form x = c and x < ¢
as conditions of passage Tules.

Our main result is that, despite of the two dimension of infiniteness, the cover-
ability problem is decidable for restricted cPsystems with an arbitrary number
of conformons. To prove the result we adopt the methodology proposed in [I],
i.e., we first show that restricted cPsystems are monotonic w.r.t. =. We then
show that C is a well-quasi ordering. This implies that any upward closed set is
represented via a finite set of minimal (w.r.t. C) configurations. Thus, minimal
elements can be used to finitely represent infinite (upward closed) sets of config-
urations. Finally, we prove that, given an upward closed set S of configurations,
it is possible to compute a finite representation of the set of predecessor config-
urations of S. Monotonicity ensures us that such a set is still upward closed. We
compute it by operating on the minimal elements of S only.

Lemma 1 (Monotonicity). Restricted cPsystems are monotonic w.r.t. C,
e, if g1 = po and py T pf, then there exists ph such that p) = ph and
po C pih.

Proof. Let p1 be a configuration evolving into s, and let pg < uf. The proof is
by case analysis on the type of rules applied in the execution step. Notice that
the case of creation rule is trivial. Hence, we concentrate on the two remaining
cases.

Internal rule. Let us consider a single application of an internal rule A->B oper-
ating on conformons [A, z] and [B,y] in membrane m. Since the rule is enabled
we have that x > e. Furthermore, the application of the rule modifies the value
of the two conformons as follows: [A,z — e] and [B,y + e].

Since p1 C pf and by definition of =, we have that there exist conformons
[A,2'] and [B,y'] in membrane m of p} such that x < 2z’ and y < y’. Thus,
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the same rule can be applied to [4, 2] and [B, '] leading to a configuration p}
in which the two selected conformons are updated as follows: [A, 2" — e] and
[B,y' + €]. Finally, we notice that, since 2’ > x > e, we have that x —e <2/ —e¢
and y + e <y’ +e. Thus, ps C pb.

Passage rule. Let us consider a single application of a passage rule m<sn with

p(y) def y > e and operating on the conformons [A,z] in membrane m. Since
the rule is enabled we have that x > e. Furthermore, the application of the rule
moves the conformon to membrane n in ps.

Since p1 C p) and by definition of =, we have that there exist conformons
[A,2'] in membrane m of pj such that z < z/. Thus, the same passage rule is
enabled in ) and can be applied to move [4, '] in membrane n in pf. Thus, we
have that po T ub. O

From the monotonicity property, we obtain the following corollary.

Corollary 1. For any restricted cPsystems and any upward closed set (w.r.t. )
S of configurations, the set of predecessor configurations of S, namely Pre(S) def

{p| p=p, €S}, is upward closed.

It is important to notice that the last two properties do not hold for full
cPsystems. As an example, a passage rule from membrane 1 to 2 with pred-
icate z = 0 is not monotonic w.r.t. to the configurations p1 = ({[4,0]},0) and
py = ({[4,1]},9). Indeed, py E py and py = p2 = (0, {[A,0]}) but 4 has no
successors. Furthermore, the set of predecessors of the upward closed set with
minimal element pg is the singleton containing uy (clearly not an upward closed
set).

Let us now go back to the properties of the ordering C. We first have the
following property.

Lemma 2. Given a cPsystem II and two configurations p and p’, checking if
wC ' holds (i.e., if u is more general than p') is a decidable problem.

Indeed, to decide it we have to select an appropriate injective mapping from a a
finite set of mappings from p to p’ and, then, to compute a finite set of multiset
inclusions.

Let us now recall the notion of well-quasi ordering (see e.g. [1]).

Definition 6 (C is a wqo). A quasi ordering < on a set S is a well-quasi
ordering (wqo) if and only if for any infinite sequence ay,as, ... of elements in
S (i.e., a; € S for any i > 1) there exist indexes i < j such that a; < a;.

The following important property then holds.

Lemma 3 (C is a wqo). Given a cPsystem IT = (V, N, R, ug), the ordering C
defined on the set of all configuration of II is a wqo.

Proof. Assume N = {1,...,m} as the set of membrane names. Let us first
notice that a configuration g can be viewed as a multiset of multisets of
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objects over the alphabet V! U ... U V™, where Vi = {¢v' | v € V}. In-
deed, p can be reformulated as the multiset union p; & ... ® p,, where for
each [A,z] € u(m), p; contains a multiset with x occurrences of A™. E.g.,
w1 = ({[4,2],[B,3]}. {[A,5]}) can be reformulated as the multiset of multi-
sets {{AY, AV}, { B!, B}, B'}, { A% A2 A% A2 A%} ).

When considering the aforementioned reformulation of configurations, the or-
dering C corresponds to the composition of multiset embedding (the existence of
injective mapping hy, ..., h,,) and multiset inclusion (the constraint on values).
Since multiset inclusion is a well-quasi ordering, we can apply Higman’s Lemma
[7] to conclude that C is a well-quasi ordering. O

As a consequence of the latter property, we have that every upward closed set
S of configurations is generated by a finite set of minimal elements, i.e., for
any upward closed set S there exists a finite set F' of configurations such that
S={y | p< p,p e F}. F is called the finite basis of S. As proved in
the following lemma, given a finite basis of a set S, it is possible to effectively
compute the finite basis of Pre(S).

Lemma 4 (Computing Pre). Given a finite basis F of a set S, there exists
an algorithm that computes a finite basis F' of Pre(S).

Proof. The algorithm is defined by cases as follows.

Creation rules. Assume —A € R and p € F. Then, p occurs in F’. Further-
more, suppose that u(m) contains a conformon [A4, e]. Then, F’ also contains the
configurations u' that satisfies the following conditions:

= w(m) = u(m) & {[4, el };
— i/(n) = pu(n) for m # n.

Internal rules. Assume a rule r = A>B € R and p € F. We have several cases
to consider.

— We first have to consider a possible application of r to two conformons that
are not explicitly mentioned in u. This leads to a predecessor configuration
in which we require at least the presence of A with at least value e and the
presence of B with any value. Thus, F’ contains the configurations u’ that
satisfies the following conditions:

o p/(m) = pu(m) & {[A, €], [B, 0] };
o i/(n) = p(n) for m #£n.

— We now have to consider the application of r to a conformon A with value
z in p and to a conformon B not explicitly mentioned in p. This leads to
a predecessor configuration in which we require at least the presence of A
with at least value x 4+ e and the presence of B with any value. Thus, if
[A, 2] € u(m), F' contains the configurations y' that satisfies the following
conditions:

o p'(m) = (u(m) & {[A,z]}) & {[A, z + €], [B, 0] };
o 1/(n) = p(n) for m #£n.
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— Furthermore, we have to consider the application of r to a conformon B with
value y > e in p and to a conformon A not explicitly mentioned in p. This
leads to a predecessor configuration in which we require at least the presence
of A with at least value e and the presence of B with value y — e. Thus, if
[B,y] € u(m) and y > e, F’ contains the configurations ' that satisfies the
following conditions:

o p/(m) = (u(m) e {[B,y}) & {[A el,[B,y —e]};
o i/(n) = p(n) for m #£n.

— Finally, we have to consider the application of r to a conformon B with
value y > e and to a conformon A with value x both in . This leads to
a predecessor configuration in which we require at least the presence of A
with at least value x + e and the presence of B with value y — e. Thus,
if [A,z],[B,y] € p(m) and y > e, F' contains the configurations p’ that
satisfies the following conditions:

b :u‘/(m) = (:u‘(m) © {{[Avm]a [va}}) @ {{[Avm + 6], [va - 6}};
o i/ (n) = p(n) for m #£n.

Passage rules. Assume msn € R with p(z) defined by x > e and p € F.
We first have to consider a possible application of r to a conformon that is not
explicitly mentioned in u. This leads to a predecessor configuration in which we
require at least the presence of A with at least value e in membrane m. Thus,
I’ contains the configurations p' that satisfies the following conditions:

— w(m) = p(m) & {[A, el};
— /' (n) = u(n) for m # n.

Furthermore, suppose that pu(n) contains a conformon [A, z] with > 0. Then,
I’ contains the configurations p' that satisfies the following conditions:

— ' (n) = p(n) © 1A, =] };
= p(m) = p(m) & {[A, v]};
— W(p) = pu(p) for p # m,n.
where v = maz(e, z) (the maximum between e and x).

The correctness follows from a case analysis. a

Theorem 2 (Decidability of Coverability for Restricted cPsystems)
The coverability problem is decidable for restricted cPsystems.

Proof. The thesis follows from Lemmas[I Bl [ and from [I, Theorem 4.1].

4 Relation with Other Models

In this section we compare cPsystems with other models used in the concurrency
field, namely the nested Petri nets of [§] and the constrained multiset rewriting
systems (CMRS) of [2].
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4.1 cPSystems vs. Nested Petri Nets

Let us first recall that a Petri net (P/T system) [I1] is a tuple (P, T, mg) where
P is a finite set of places, T is a finite set of transitions, and mg is the initial
marking. Intuitively, places correspond to location or states of a given system.
Places are populated with tokens, i.e., indistinguishable objects, that can be used
e.g. to mark a given set of states to model concurrent processes. Tokens have no
internal structure. This means that we are only interested in the multiplicity of
tokens inside a place. Transitions are used to control the flow of tokens in the net
(they define links between different places and regulate the movement of tokens
along the links). More formally, a transition ¢t has a pre-set *¢ and a post-set
t®* both defined by multisets of places in P. A marking is just a multiset with
elements in P, a mapping from P to non-negative integers. Given a marking m
and a place p, we say that the place p contains m(p) tokens. A transition ¢ is
enabled at the marking m if °t is contained as a sub-multiset in m. If it is the
case, firing ¢t produces a marking m’, written m L m!, defined as (me*t) ete.

A Petri net with inhibitor arc is a Petri net in which transitions can be guarded
by an emptiness test on a subset of the places. For instance, a transition with
an inhibitor arc on place p is enabled only when p is empty.

Nested Petri nets. Differently from P/T systems, in a nested Petri net tokens
have an internal structure that can be arbitrarily complex (e.g. a token can be
a P/T system, or a P/T system with tokens that are in turn P/T systems,
and so on). For instance, a 2-level nested Petri net is defined by a P/T system
that describes the whole system, called system net, and by a P/T system that
describes the internal structure of tokens, called element net.

The transitions of the system net can be used to manipulate tokens as black
boxes, i.e., without changing their internal structure. These kind of transitions
are called transport rules (they move complex objects around the places of the
system net).

Transitions of the element nets can be used to change the internal structure
of a token without changing the marking of the system net. These kind of tran-
sitions are called autonomous rules.

Finally, we can use synchronization labels (i.e., labels in system/element net
transitions) to enforce the simultaneous execution of two transitions, one with
a label a and one with a label a. Two possibilities are allowed in Nested Petri
nets: the synchronization of a transition of the system net and of an element
net (vertical synchronization), or the simultaneous execution of transitions of
two distinct element nets residing in the same system place (horizontal synchro-
nization). Notice that vertical synchronization modifies both the marking of the
system net and the internal structure of (some) tokens.

cPsystems as nested Petri nets. In this section we show that cPsystems can be
encoded as 2-level nested Petri nets in which the system net is a P/T system
and the element net is a P/T system with inhibitor arcs.

Assume a cPsystem II = (V, N, R, pio). We build a 2-level nested Petri nets as
follows. The system net is a P/T system with a places CONF' used to contain



On the Qualitative Analysis of Conformon P Systems 89

all conformons in a current configuration of I7, and a place CREATE, for each
creation rule r € R. The transitions of the system net are transport rules that
model creation rules used to non-deterministically inject new conformons in the
place CONF. Namely, for each creation rule r € R we add a transport rule
t, with pre-set {CREATE,} and post-set {CREATE,,CONF}. We assume
here that CREATE, is initialized with a single element net that models the
conformon created by rule r. The transition ¢, makes a copy of such an element
net and puts it in place CONF'.

An element net N, denotes a single conformon c. It is defined by a P/T system
with places P =V U N U{FE}. Only one place of those in N and only one place
of those in V' can be marked in the same instant. The marked places correspond
to the name and current location of ¢. Furthermore, the number of tokens in
place E denotes the current amount of energy of c.

To model an internal rule r = A%B we use a horizontal step between two
distinct element nets Ny and Na, i.e., a pair (¢,,1,t,2) of element net transitions
with synchronized labels r and r such that:

— *t,1 has one occurrence of A, one of m, and e of E, i.e., it is enabled if N;
represents a conformon with name A in membrane m and at least e units of
energy; those units are subtracted from place E in NV;.

— *t,2 has one occurrence of B and one of m, i.e., it is enabled if N, represents
a conformon with name B in membrane m.

— t», has one occurrence of A and one of m.

— t7 5 has one occurrence of B, one of m, and e of F, i.e., e units of energy are
transferred to place E in Ns.

To model a passage rule r = m<sn with condition > e, we use an au-
tonomous step. Specifically, we define an element net transition ¢, such that:

— *t, has one occurrence of m, and e occurrences of F, i.e., it is enabled if Ny
is in membrane m and at least e units of energy.

— ty has one occurrences of n, and and e occurrences of E, i.e., N; represents
now a conformon (with the same name) in membrane n. Its energy is not
changed (we first subtract e tokens to check the condition = > e) and then
add e tokens back to place F in Ny).

To model a passage rule r with condition x = e, we can add to each transition
tr o with A € V the test = e on place E. It is easy to define this test by using
P/T transitions with inhibitor arcs. Rules with conditions < e for e > 0 can
be encoded by splitting the test into x =0,...,z =e.

Since each element net maintains information about name, value and location
the content of place CONF' corresponds to the current configuration of I7.

Ezample 2. Assume a cPsystem IT with V. = {A B}, N = {M,L, P}, the

creation rule r = 74‘/1‘47 the internal rule INT = A%B, and the passage rule

PASS = LEP with p(z) 4 7 = 0. The 2-level nested Petri nets that encodes

the ¢Psystems IT is shown in Fig.[Il We use here circles to denote places, rectan-
gles to denote transitions, an arrow from a circle to a rectangle to denote places
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ELEMENT NET: CONFORMON [A<4] IN MEMBRANE M
Fig. 1. Example of nested Petri net

in the pre-set and an arrow from a rectangle to a circle to denote places in the
post-sets of transitions; we label arrows with numbers to indicate a multiplicity
greater than 1 of a place in the pre-/post-set. An inhibitor arc is represented
by an arrow with a circle. The system net place CREATE, is used to keep a
copy of the conformon [4,4] so as to non-deterministically inject new ones in
the current configuration (i.e., the place CONF'). The element net has places
to model names, membranes, and energy. The internal rule is modeled by the
pair of transitions with labels INT and INT. When executed simultaneously
(within the place CONF of the system net) by two distinct element net (one
executes INT and the other executes INT) their effect consists in moving 3
tokens from the place F of an element net with tokens in A, M to the place E of
an element net with tokens in the places B, M. Notice that tokens of the element
nets are objects with no structure. The passage rule is modeled by the element
net transition with label PASS. It simply checks that E is empty with an in-
hibitor arc and then moves a token from the place N to the place P (it changes
the location of the element net). Notice that the system net place CONF' may
contain an arbitrary number of element nets (the corresponding P/T system is
unbounded).

It is important to notice that 2-level nested Petri nets in which element nets have
inhibitor arcs are Turing equivalent [9]. This result is consistent with the analysis
of the expressive power of full ¢Psystems [B]. From the previous observations,
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restricted cPsystems are a subclass of nested Petri nets in which both the system
and the element nets are defined by P/T systems. From the results obtained for
well-structured subclasses of nested Petri nets in [9], we obtain an indirect proof
for decidability of coverability of restricted cPsystems.

The connection between cPsystems and nested nets can be exploit to extend
the model in several ways. As an example, for restricted passage rules, coverabil-
ity remains decidable when extending cPsystems with: conformons defined by a
list of pairs name-value instead of a single pair; rules that transfer all the energy
from A to Bj; or conformons defined by a state machine (i.e., with an internal
state instead of statically assigned type).

4.2 Restricted cPSystems vs. CMRS

Restricted cPsystems can also be modeled in CMRS, an extension of Petri nets
in which tokens carry natural numbers.

Constrained multiset rewriting systems (CMRS). CMRS [2] are inspired to for-
mulations of colored Petri nets in term rewriting. A token with data d in place
p is represented here as a term p(d), a marking as a multiset of terms, and a
transition as a (conditional) multiset rewriting rule. More precisely, let term be
an element p(x) where p belong to a finite set of predicate symbols P (places)
and z is a variable ranging over natural numbers. We often call a term p(t) with
p € P a p-term or P-term. A element p(v) with p € P and v € Ny is called a
ground term.

A configuration is a (finite) multiset of ground terms. A CMRS is a set of
rewriting rules with constraints of the form r = L ~» R : ¥ that allows to trans-
form (rewrite) multisets into multisets. More precisely, L and R are multisets
of terms (with variables) and ¥ is a (possibly empty) finite conjunction of gap-
order constraints of the form: r +c <y, x <y,x =y, x < ¢, x > ¢, x = c where
x,y are variables appearing in L and/or R and ¢ € Ny is a constant.

A rule r is enabled at a configuration c if there exists a valuation of the
variables Val such that Val(¥) is satisfied. Firing r at ¢ leads to a new multiset
¢, noted ¢ = ¢, with ¢ = ¢ © Val(L) ® Val(R) where Val(L), resp. Val(R), is
the multiset of ground terms obtained from L, resp. R, by replacing each variable
x by Val(x).

As an example, consider the CMRS rule:

p=[p(@), q)] ~ [qz), r(@), r(w)] : {z+2<y,z+4<z,z<w}

A valuation which satisfies the condition is Val(z) = 1, Val(y) = 4,

Val(z) = 8, and Val(w) = 10. A CMRS configuration is a multisets of

ground terms, e.g., [p(1),p(3), ¢(4)]. Therefore, we have that [p(1), p(3), ¢(4)] 2

[p(3), ¢(8),7(1),r(10)].

A CMRS is well-structured with respect to the well-quasi ordering <. defined
as follows. Given a configuration ¢, let V(¢) = {i € Ny | Ip(i) € ¢}, and c—; : P —
Np with ¢ € Ny be the multi set such that c—;(p) = c¢(p;) for any p € P. Then, we
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have that ¢ <. ¢ iff there exists an injective function h : V(¢) — Ny such that
(7) for any i € V(c) : c=; < c’:h(i); (#i) for any i € V(c) s.t. i < cmax : i = h(i);
(23¢) for any 4,5 € V(c) U{0} s.t. ¢ < jand j > cmazx : j —i < h(j) — h(9). A
symbolic algorithm to check coverability — w.r.t. <, — is described in [2].

Restricted cPsystems as CMRS. A cP-configuration p is mapped to a CMRS
configuration as follows. A conformon ¢ = [4, z] in membrane m is represented
by means of a multiset of terms

M, = [confam(v)] © OF
where Q7 is the multiset with = occurrences of the term u(v), i.e.,

02 = [u(v), ..., u(v)]
~ ~ -~
r—times
where v is a natural number used as a unique identifier for the confor-
mon c. The wu-terms with parameter v are used to count the amount of
energy of conformon with identifier v. E.g. if ¢ = [ATP,4] then M2, =
[confarpm(2),u(2),u(2),u(2),u(2)] — 4 occurrences of u(2) — where 2 is the
unique identifier of conformon c. Furthermore, if ¢ = [ATP, 0], then szm =
[confarpm(2)]. Thus, we use [confa m(v)] to model a conformon with zero en-
ergy and identifier v.

A representation Rep(u) of a ¢P-configuration p is obtained by assigning a
distinct identifier to each conformon and by taking the (multiset) union of the
representations of each conformons in p. Formally, let p contains r membranes

such that p(m;) contains the conformons ¢y ,...,¢ipn, for ¢ : 1,...,r and ny +
...+ n, =k, then
ni Ny
V . .
Rep()¥ = (M) @0 (DM )
j=1 j=1
where V' = (v11,...,V1.ngs--+,Ur1,...,Vrn,) are k distinct natural numbers

working as identifiers of the k£ conformons in p. Identifiers of conformons in the
initial configuration pg are non-deterministically chosen at the beginning of the
simulation using the following rule:

[init] ~ [fresh(v)] ® Rep(uo)" : {vip <...<vip <Up1 < Upg, < U}

where V' is a vector of variables that denotes conformon identifiers (as described
in the def. of Rep(u)V). Furthermore, we maintain a fresh identifier v in the
fresh-term (used to dynamically create other conformons).

The rules of a restricted cPsystem are simulated via the following CMRS rules
working on CMRS representations of configurations.

— Creation of ¢ = [A, z] inside m:
[fresh(z)] ~ [fresh(y)] @M, : {x <y}

We simply inject a new multiset of terms with parameter z stored in the
fresh-term and reset the fresh value.
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— A and B in membrane m exchange e units of energy:

[confam(x),confpmy)] ®OF ~ [confam(x),confpm(y)] ®OY : true

Notice that, by definition of the CMRS operational semantics, the rule is
enabled only when there are at least e occurrences of u-terms with parameter
x (identifier of A) and where there exists a conformon B with identifier
y (z and y are variables ranging over natural numbers). The passage of
energy from A (with identifier ) to B (with identifier y) is simply defined
by changing the parameter z of e occurrences of u-terms into y.
— Passage rule from membrane m to n conditioned by the predicate p(z) def
x > c:
For each conformon name A:

[confam(@)] ©OF ~ [confan(r) & OF

Notice that, by definition of the CMRS operational semantics, the rule is
enabled only when there are at least ¢ occurrences of u-terms with parameter
x (identifier of A). The current location of A is stored in the term confa ().
The passage to membrane n is defined by changing the term confa ., (x) into
confan(x). The u-terms with the same parameter are not consumed (i.e.,
they occur both in the left-hand side and in the right-hand side of the rule).

From the results obtained for CMRS [2], we obtain another indirect proof for
decidability of coverability of restricted cPsystems. The connection between
cPsystems and CMRS can be used to devise extensions of the conformon model
in which, e.g., conformon have different priorities or ordered with respect to
some other parameter. This can be achieved by ordering the parameters of the
multiset of terms used to encode each conformon. CMRS rules can deal with
such an ordering by using conditions on parameters of terms in a rule of the
form x < y.

5 Related Work and Conclusions

In the paper we have investigated the decidability of computational properties of
conformon P systems like reachability and coverability. More specifically, we have
shown that, although undecidable for the full model, the coverability problem is
decidable for a fragment with restricted types of predicates in passage rules.

To our knowledge, this is the first work devoted to the qualitative analysis of
conformon P systems, and to the comparison with other models like nested Petri
nets and CMRS. The expressiveness of the conformon P systems is studied in [5]
by using a reduction to counter machines with zero test (Turing equivalent). We
use such a result to show that coverability is undecidable for the full model. The
decidability or reachability for the full model is not in contrast with its great
expressive power. Indeed, in the reachability problem the target configuration
contains precise information about the history of the computation, e.g., the total



94 P.A. Abdulla, G. Delzanno, and L. Van Begin

amount of energy exchanged during the computation. These information cannot
be expressed in the coverability problem, where we can only fix part of the
information of target configurations. In this sense, coverability seems a better
measure for the expressiveness of this kind of computational models.

In the paper we have compared this result with similar results obtained for
other models like nested Petri nets and constrained multiset rewriting systems.
The direct proof presented in the paper and the corresponding algorithm can be
viewed however as a first step towards the development of automated verifica-
tion tools for biologically inspired models. The kind of qualitative analysis that
can be performed using our algorithm is complementary to the simulation tech-
niques used in quantitative analysis of natural and biological systems. Indeed,
in qualitative analysis we consider all possible executions with no probability
distributions on transitions, whereas in quantitative analysis one often considers
a single simulation by associating probabilities to each single transitions. Unfor-
tunately, the rates of reactions are often unknown and, thus, extrapolated from
known data to make the simulation feasible. Qualitative analysis requires in-
stead only the knowledge of the dynamics of a given natural model. Automated
verification methods can thus be useful to individuate structural properties of
biological models.
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Abstract. This paper aims to answer the following question: given a P
system configuration M, how do we find each configuration N such that
N evolves to M in one step? While easy to state, the problem has not a
simple answer. To provide a solution to this problem for a general class of
P systems with simple communication rules and without dissolution, we
introduce the dual P systems. Essentially these systems reverse the rules
of the initial P system and find N by applying reversely valid multisets
of rules. We prove that in this way we find exactly those configurations
N which evolve to M in one step.

1 Introduction

Often when solving a (mathematical) problem, one starts from the end and
tries to reach the hypothesis. P systems [4] are often used to solve problems, so
finding a method which allows us to go backwards is of interest. When looking
at a cell-like P system with rules which only involve object rewriting (of type
u — v, where u,v are multisets of objects) in order to reverse a computation
it is natural to reverse the rules (v — v becomes v — w) and find a condition
equivalent to maximal parallelism. The dual P system IT is the one with the
same membranes as IT and the rules of IT reversed. However, when rules of type
u — (v,out) or u — (v,incpiq) are used, two ways of reversing computation
appear. The one we focus on is to employ a special type of rule reversal and
to move the rules between membranes: for example, u — (v, out) associated to
the membrane with label ¢ in IT is replaced with v — (u,in;) associated to the
membrane with label parent(i) in II. This is described in detail in Section [l
Another way of defining the dual P system is by reversing all the rules without
moving them between membranes (and thus allow rules of form (v, out) — u).
To capture the backwards computation we have to move objects according to
the existence of communicating rules in the P system. The object movement
corresponds to reversing the message sending stage of the evolution of a mem-
brane. After that the maximally parallel rewriting stage is reversed. This is only
sketched in Section [{] as a starting point for further research.

The structure p of a P system is represented by a tree structure (with the skin
as its root), or equivalently, by a string of correctly matching parentheses, placed

D. Corne et al. (Eds.): WMC9 2008, LNCS 5391, pp. 95-{I07} 2009.
© Springer-Verlag Berlin Heidelberg 2009
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in a unique pair of matching parentheses; each pair of matching parentheses
corresponds to a membrane. Graphically, a membrane structure is represented
by a Venn diagram in which two sets can be either disjoint, or one a subset
of the other. The membranes are labeled in a one-to-one manner. A membrane
without any other membrane inside is said to be elementary.

A membrane system of degree m is a tuple II = (O, pu, w1, ... Wnm, R1,...,
Ry, i,) where:

O is an alphabet of objects;
— u is a membrane structure, with the membranes labeled by natural numbers

1,...,m, in a one-to-one manner;
— w; are multisets over O associated with the regions 1, ..., m defined by pu;
— Ry, ..., Ry, are finite sets of rules associated with the membranes with labels
1,...,m; the rules have the form v — v, where v is a non-empty multiset of

objects and v a multiset over messages of the form (a, here), (a, out), (a,in;);

The membrane structure g and the multisets of objects and messages from its
compartments define a intermediate configuration of a P system. If the multisets
from its compartments contain only objects, they define a configuration. For a
intermediate configuration M we denote by w;(M) the multiset contained in
the inner membrane with label i. We denote by C# (II) the set of intermediate
configurations and by C(II) the set of configurations of the P system IT.

Since we work with two P systems at once (namely IT and II), we use the
notation R{’,..., R for the sets of rules Ry, ..., R,, of the P system II.

We consider a multiset w over a set S to be a function w : S — N. When
describing a multiset characterized by, for example, w(s) = 1, w(t) = 2, w(s’) =
0,5 € S\{s,t}, we use its string representation s+ 2¢, to simplify its description.
To each multiset w we associate its support, denoted by supp(w), which contains
those elements of S which have a non-zero image. A multiset is called non-empty
if it has non-empty support. We denote the empty multiset by Og. The sum of
two multisets w,w’ over S is the multiset w + w' : S — N, (w + w')(s) =
w(s) +w'(s). For two multisets w,w’ over S we say that w is contained in w’ if
w(s) < w'(s),Vs € S. We denote this by w < w'. If w < w’ we can define w’ —w
by (w' — w)(s) = w'(s) — w(s). To work in a uniform manner, we consider all
multisets of objects and messages to be over

N=0U0 x{out}UO x {in; | j € {1,...,m}}

Definition 1. The set M(II) of membranes in a P system II together with the
membrane structure are inductively defined as follows:

— if i is a label and w is a multiset over O U O x {out} then (ilw) € M(II);
(t|lw) is called an elementary membrane, and its structure is {);

— if i is a label, My,..., M, € M(II),n > 1 have distinct labels i1, ..., in,
each My, has structure py, and w is a multiset over O U O x {out} U O x
{ini,,...,in;, } then (i|lw; My, ..., My) € MII); (ilw; My, ..., My,) is called
a composite membrane, and its structure is (i1 ... fin)-
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Note that if ¢ is the label of the skin membrane then (i|w; My, ..., M,) defines
an intermediate configuration.

We use the notations parent(i) for the label indicating the parent of the
membrane labeled by ¢ (if it exists) and children(i) for the set of labels indicating
the children of the membrane labeled by ¢, which can be empty.

By simple communication rules we understand that all rules inside mem-
branes are of the form v — v where u is a multiset of objects (supp(u) C O)
and v is either a multiset of objects, or a multiset of objects with the message
in; (supp(v) € O x {in;} for a j € {1,...,m}) or a multiset of objects with
the message out (supp(v) C O x {out}). Moreover we suppose that the skin
membrane does not have any rules involving objects with the message out.

We use multisets of rules R : R — N to describe maximally parallel appli-
cation of rules. For a rule r : w — v we use the notations lhs(r) = u,rhs(r) = v.
Similarly, for a multiset R of rules from R, we define the following multisets
over {2

1hs(R)(0) = > R(r)-lhs(r)(0) and rhs(R)(0) = » _ R(r) - rhs(r)(o)

T’ER{I 'I”ER{Y

for each object or message o € 2. The following definition captures the meaning
of “maximally parallel application of rules”:

Definition 2. We say that a multiset of rules R : RY — N is valid in the
multiset w if 1hs(R) < w. The multiset R is called maximally valid in w if it
is valid in w and there is no rule v € RY such that lhs(r) < w — [hs(R).

2 P Systems with One Membrane

Suppose that the P system II consists only of the skin membrane, labeled by
1. Since the membrane has no children and we have assumed it has no rules
concerning out messages, all its rules are of form v — v, with supp(u), supp(v) C
O. Given the configuration M in the system IT = (O, i, wy, RI) we want to find
all configurations N such that N rewrites to M in a smgle maximally parallel
rewriting step. To do this we define the dual P system I = (O, p, wy, RIT), with
evolution rules given by:

(u—w)e R{Y if and only if (v — u) € RY!

For each M = (1|w) € C#(II), we consider the dual intermediate configuration
M = (1jw) € C#(II) which has the same content (w = wl(M) = w1 (M)) and
membrane structure as M. Note that the dual of a configuration is a configura-
tion. The notation M is used to emphasize that it is an intermediate configura-
tion of the system II. B

The name dual is used for the P system II under the influence of category
theory, where the dual category is the one obtained by reversing all arrows.

Remark 1. Note that using the term of dual for I is appropriate because I =1I.
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When we reverse the rules of a P system, dualising the maximally parallel ap-
plication of rules requires a different concept than the mazimal validity of a
multiset of rules.

Definition 3. The multiset R : R — N is called reversely valid in the multiset
w if it is valid in w and there is no rule r € R such that rhs(r) < w — lhs(R).

Note that the difference from mazimally valid is that here we use the right-hand
side of a rule 7 in rhs(r) < w — lhs(R), instead of the left-hand side.

Ezample 1. Consider the configuration M = (1|b+ ¢), in the P system II with
O = {a,b,c}, p = () and with evolution rules R = {ry,ry}, where 71 : a — b,
ro i b — ¢. Then M = (1|b+¢) € C(II), with evolution rules RT = {1, 73},
where 71 : b — a, 73 : ¢ — b. The valid multisets of rules in wl(Z\Al/) =b+c are
0 I
be either r1 or r1 + ro. If R : r1 then M rewrites to (lla + ¢); if R : 1+ T
then M rewrites to (1|a 4+ b). These yield the only two configurations that can
evolve to M in one maximally parallel rewriting step (in IT). This example
clarifies why reversely valid multisets of rules must be applied: validity ensures
that some objects are consumed by rules 7 (dually, they were produced by some
rules r) and reverse validity ensures that objects like b (appearing in both the
left and right-hand sides of rules) are always consumed by rules 7 (dually, they
were surely produced by some rules r, otherwise it would contradict maximal
parallelism for the multiset R).

Note that if M’ = (1] 2a) in the P system II, then there is no multiset of
rules R valid in w; (M’) = 2a for the dual M’. This happens exactly because
there is no configuration N’ such that N’ rewrites to M’ by applying at least
one of the rules 1, rs.

71,72 and 71 + 7. The reversely valid multiset of rules R in w(M;) can

We present the operational semantics for both maximally parallel application
of rules (mpr) and inverse maximally parallel application of rules (mpr) on
configurations in a P system with one membrane.

Definition 4
— (1w) Empr (1w = 1hs(R) + rhs(R)) if and only if R is maximally valid in w;
— (1|w) Eﬁm (1|w — lhs(R) + rhs(R)) if and only if R is reversely valid in w.
The difference between the two semantics is coming from the difference between

the conditions imposed on the multiset R (maximally valid and reversely valid,
respectively).

For a multiset R of rules over R we denote by R the multiset of rules over 5{7
for which R(u — v) = R(v — u). Then lhs(R) = rhs(R) and rhs(R) = lhs(R).

Proposition 1. N Empr M if and only Zf/ME’ﬁfp'r N.

Proof. If N Empr M then R is maximally valid in wq (V) and wy (M) = w1 (N)—
lhs(R)+1hs(R); then wy (M) —rhs(R) = wi(N) — lhs(R). By duality, we have
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wy (M) = wl(M) and rhs(R) = lhs(ﬁ,); it follows that wl(M) lhs(ﬁ,) =
wy (N) — lhs(R) > 0, therefore lhs(R) < w1(M)7 and so R is valid in M.
Suppose R is not reversely valid in wl(M), i.e., there exists 7 € RI such that
rhs(r) < wl(M) Ihs(R), which is equivalent to lhs(r) < wi (M) — rhs(R).
Since w1 (M) — rhs(R) = wi(N) — lhs(R) it follows that R is not maximally
valid in wy (), which yields a contradiction.

If M Eﬁﬁr N then R is reversely valid in wl(ﬂ); since w1 (N) — lhs(R) =
wy (M) —lhs(R) > 0 it follows that R is valid in wy (V). If we suppose that R

is not maximally valid in w;(N) then, reasoning as above, we obtain that R is
not reversely valid in w; (M )(contradiction). O

3 P Systems without Communication Rules

If the P system has more than one membrane but it has no communication rules
(i-e., no rules of form u — v, with supp(v) C O x {out} or supp(v) C O x {in;})
the method of reversing the computation is similar to that described in the
previous section. We describe it again but in a different way, since here we
introduce the notion of a (valid) system of multisets of rules for a P system
II. This notion is useful for P systems without communication rules, and is
fundamental in reversing the computation of a P system with communication
rules. This section provides a technical step from Section 2] to Section [l

Definition 5. A system of multisets of rules for a P system II of degree m
is a tuple R = (R1,Ra,...,Rm), where each R; is a multiset over R, i €

{1,...,m}.

A system of multisets of rules R is called walid, mazimally valid or reversely
valid in the configuration M if each R; is valid, maximally valid or reversely
valid in the multiset w; (M), which, we recall, is the multiset contained in the
inner membrane of configuration M which has label i.

The P system IT dual to the P system /I is defined analogously to the one in

Section 2t 1T = (O, p,wi, . .. Wy, RIT .. RH) where (u — v) € R if and only
if (v — u) € RT. Note that IT = II.
If R =(R1,...,R:) is a system of multisets of rules for a P system I, we

denote by R the system of multisets of rules for the dual P system I given by
R=(Ri,...,Ra).

Ezample 2. Consider the configuration M = (1|b + ¢; N), N = (2|2a) of the P
system IT with evolution rules R = {ry,ro}, R = {r3, 74}, where 71 : a — ¢,
s:d— ¢ rs:a+b— a rg:a— d Then M = (1|6 + ¢; (2|2a)), with
evolution rules R = {r1, 72}, RY = {r3,74}, where 11 : ¢ — a, 72 : ¢ — d,
r3:a — a+b,ry:d— a Inorder to find all membranes which evolve to M
in one step, we look for a system R = (RhRg) of multisets of rules, which is

(A

reversely valid in the configuration M. Then 7?,1 can be either 0 71 or 75 and

RH7
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the only possibility for 7312 is 2r3. We apply R to the skin membrane M and
we obtain three possible configurations P such that P = M; namely, P can be
either (1|0 + ¢; (2|2a + 2b)) or (1|b + a; (2|2a + 2b)) or (1]b+ d; (2|2a + 2b)).

1

S DT
+c fZa\ +c
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We give a definition of the operational semantics for both maximally parallel
application of rules (mpr) and inverse maximally parallel application of rules
(mpr) in a P system without communication rules. We use R as label to sug-
gest that rule application is done simultaneously in all membranes, and thus to
prepare the way toward the general case of P systems with communication rules.

rs:a+b—a

k\

Definition 6. For M, N € C(II) we define:

- M Empr N if and only if R = (R1,...,Rm) is mazimally valid in M and
’LUZ(N) = ’LUZ(M) — th(Rl) + ThS(Ri),'

- M E@TT N if and only if R = (R1,...,Rm) is reversely valid in M and
wi(N) = w;(M) — lhs(R;) + rhs(R;).

The two operational semantics are similar in their effect on the membranes, but
differ in the conditions required for the multisets of rules R.

Proposition 2. If N € C(II), then
N Empr M if and only sz E)ﬁr N

Proof. If N gmpr M then R is maximally valid in the configuration N, which
means that R; is maximally valid in w;(N), and w;(M) = w;(N) — lhs(R;) +
rhs(R;). By using the same reasoning as in the proof of Proposition[I]it follows
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that R; is reversely valid in wl(N) for all i € {1,...,m}. Therefore R is re-
versely valid in the configuration M of the dual P system 1. Moreover, we have

w;(N) —~wZ(M) Ihs(Ri) + rhs(Ri), so M B N.

If M EW N the proof follows in the same manner. a

4 P Systems with Communication Rules

When the P system has communication rules we no longer can simply reverse
the rules and obtain a reverse computation; we also have to move the rules
between membranes. When saying that we move the rules we understand that
the dual system can have rules 7 associated to a membrane with label i while r
is associated to a membrane with label j (j is either the parent or the child of i,
depending on the form of ). We need a few notations before we start explaining
in detail the movement of rules.

If w is a multiset of objects (supp(u) C O) we denote by (u,out) the mul-
tiset with supp(u,out) € O x {out} given by (u,out)(a,out) = u(a), for all
a € O. More explicitly, (u,out) has only messages of form (a,out), and their
number is that of the objects a in u. Given a label j, we define (u,in;) similarly:
supp(u,in;) C O x {in;} and (u,in;)(a,in;) = u(a), for all a € O.

The P system 1T dual to the P system I is defined differently from the case
of P systems without communication rules: IT = (O, 1, w1, ... Wy, R, ... RI)
such that:

1. ?—quERﬁifandonlyifT v—u€RI

2. 7:u— (v,out) € RH if and only if 7 : v — (u, mz) € Rparmt( )

3. 7:u— (v,in;) € Ri if and only if 7 : v — (u, out) € Rj , @ = parent(j);

where u,v are multisets of objects. Note the difference between rule duality
when there are no communication rules and the current class of P systems with
communication rules.

Proposition 3. The dual of the dual of a P system is the initial P system:
=1

Proof. Clearly, u — v € Rﬁ iff u — v € R, Moreover, Fiu— (v, out) € Rlﬁ
ifft ¥: v — (u,in;) € Rpmem() which happens iff  : v — (v,out) € R
(the condition related to the parent amounts to parent(i) = parent(i)). Then,
Fiu— (v,in;) € R MF 7 : v — (u,out) € RH and ¢ = parent(j), which

happenb iffr:u— (U Zn]) € Rparent(]) N

If R = (Ri,...,Rm) is a system of multisets of rules for a P system IT we
also need a different dualisation for it. Namely, we denote by R the system of
multisets of rules for the dual P system II given by R = (R4,..., R2), such that:
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—ifr:u—ve Rzﬁ thenj@(?) = R;(r);

— if 7:u — (v,out) € R¥ then 732(?) = Rparent(i) (7);

—if 7 u— (v,in;) € Rlﬁ then 7/37(?) =R;(r).
Ezample 3. Consider M = (1|d; N), N = (2|c+ ¢; P), P = (3|c) in the P system
II with RIT = {ry,r2}, R = {r3,r4} and R = {r5}, where r1 : a — (c,inz),
ro:a— ¢ r3:e— (c,ing), r4 : a — (d,out) and 5 : b — (e, out). Then M =
(1]d; (2|c + €; (3|c))) in the dual P system IT, with R{Y = {ra,74}, R{Y ={r,7s},
Rg = {r3}, where 71 : ¢ — (a,out), 72 : ¢ — a, 73 : ¢ — (e, out), 73 : d — (a,inz)
and 75 : e — (b,ing). For a system of multisets of rules R = (ry +ra,2r4,375) in
IT the dual is R = (274 + 72,71 + 375, 0,71).

/SRR

raic—a

ra:d — (a,ing)

dual

| 57 75)msg

S

T2 :C—Q

ra:d — (a,ing)

dual

“

The definitions for validity and maximal validity of a system of multisets of
rules are the same as in Section Bl However, we need to extend the definition of
reverse validity to describe situations arising from a rule being moved.

Definition 7. A system of multisets of rules R = (R1,...,Rn) for a P system
1T is called reversely valid in the configuration M if:
— R is valid in the configuration M (i.e., lhs(R;) < w;(M));
— Vi € {1,...,m}, there is no rule r : u — v € R such that rhs(r) = v <
’LUZ(M) - ”LS(’R,,‘),'
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- Vie{1,. m} such that there exists parent(i), there is no rule r : u —
(v,in;) € Rpmem( ) such that v < wi(M) — lhs(R;);
— Vi,j €{1,...,m} such that parent(j) = i, there is no ruler : u — (v, out) €

Rf such that v < wi(M) —lhs(R;).

While this definition is more complicated than the one in Section [3 it can be
seen in the proof of Proposition [ that it is exactly what is required to reverse
a computation in which a maximally parallel rewriting takes place.

Ezample [3 continued. We look for R reversely valid in M. Since R must be
valid, R1 can be equal to ORE or 74; Ro equal to ORﬁ’ 71, Ts or 1 + r5; R3
equal to 0 RrEOF r3. Accordmg to Definition [7, we can 1ook at any of those pos-
sibilities for R; to see if it can be a component of a reversely valid system R. In

this example the only problem (with respect to reverse validity) appears when
Ry = ORﬁ or when Ry = 771, since in both cases we have e < w, (M) - lhs(T\’,g)

and rule ¢ — (e out) € Rg Let us see why we exclude exactly these two
cases. Suppose R2 = r1 and, for example, Rl = T4, 7'\’,3 =73 If R is applied,
M rewrites to (1](a,ins); (2|(a, out) + e; (3|(e, out)))); after message sending, we
obtain (1]a; (2|a + 2¢; (3|00))) which cannot rewrite to M while respecting max-
imal parallelism (otherwise there would appear two ¢’s in the membrane P with
label 3). The same thing would happen when Ra =0 Ril

In P systems with communication rules we work Wich both rewriting and mes-
sage sending. We have presented two semantics for rewriting in Section B —
(maximally parallel rewriting) and — 55 (inverse maximally parallel rewriting).
They are also used here, with the remark that the notion of reversely valid
system has been extended (see Definition [7]).

Before giving the operational semantics for message sending we present a few
more notations. Given a multiset w : 2 — N we define the multisets obj(w),
out(w), in;(w) which consist only of objects (i.e., supp(obj(w)), supp(out(w)),
supp(in;(w)) C O), as follows:

— obj(w) contains all the objects from w: obj(w)(a) = w(a),Va € O;

— out(w) contains all the objects a which are part of a message (a, out) in w:
out(w)(a) = w(a,out),Va € O;

— in;(w) contains all the obJects a which are part of a message (a,in;) in w:

inj(w)(a) = w(a,in;),va € O,Vj € {1,...,m}.

Definition 8. For a intermediate configuration M, M —,,sq N if and only if

Ww; (N) = Ob.](wz (M)) + Z.ni(u}pm‘ent(i) (M)) + Z OUt(wj (M))
jEchildren(s)

To elaborate, the message sending stage consists of erasing messages from the
multiset in each inner membrane with label 7, adding to each such multiset
the objects a corresponding to messages (a,in;) in the parent membrane (inner
membrane with label parent(i)) and furthermore, adding the objects a corre-
sponding to messages (a,out) in the children membranes (all inner membranes
with label j, j € children(i)).
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Proposition 4. If M is a configuration of II then

R . SR
M = pr—msg N implies N =5 msg M.

If]v 18 a configuration ofﬁ then

R ~ . . R
N = ipi—msg M implies M — 50— msg N.

Proof. We begin by describing some new notations. Consider a system of multisets
of rules R = (R, ..., Rm) for a P system IT with evolution rules R, ... RII We
define the following multisets of objects:

1hs®% (R;), rhs®® (R;), 1hs® " (R;), 7hs®™ (R;), lhs™ (R;), rhs™i (R;)

such that, for u, v multisets of objects:

hs®(Ri)(a) = > Ri(r) - ula);

r:u—weRf

rhs®™ (R;)(a) = Y Ri(r)-v(a),
r:uﬂvER{I

1hs®" (R;)(a) = > Ri(r)-ula);
riu—(v,out)ERT

rhs®(R;)(a) = > Ri(r) - v(a),

riu—(v,out)€RH

1hs™ (R;)(a) = > Ri(r)-u(a);

riu—(v,in;)ERFT

rhs™ (Ri)(a)= > Ri(r) v(a).

riu—(v,in;)ERI

We have the following properties:
— 1hs®(R;) = rhs®® (R;) and rhs® (R;) = lhs®? (R;);
- lh’som(Ri) = rhs™™ (Rparent(i)) and Thsout(Ri) = lhs™ (Rparent(i));
— if j € children(i) then lhs™i (R;) = rhs®“*(R;), rhs'™i (R;) = lhs°“'(R;);
— hs(Ri) = s (Ra) + s (Ra) + 3 eontaventsy 1h5™ (R

Now we can prove the statements of this Proposition. We prove only the first
one; the proof of the second one is similar. If M gmpr—nmg N then there exists

an intermediate configuration P such that M Empr P and P —,sg N. Then
R; are maximally valid in w; (M) and w; (P) = w;(M)—1lhs(R;)+rhs(R;). Since
w; (M) is a multiset of objects, it follows that obj(w;(P)) = w;(M) — lhs(R;) +
rhs?® (R;). If j € children(i) we have in;(w;(P)) = rhs"™ (R;) and moreover,
out(w;(P)) = rhs®“*(R;). Since P —,,54 N we have w;(N) = obj(w;(P)) +
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Z.ni(u};zww‘e’nt(i) (P)) + ZjEChildren(i) Out(wj (P)) ReplaCing wz(P)a Wparent(i) (P)
and w;(P) we obtain
wi(N) = w;(M) — lhs(R;) + rhs®® (R;)
+ rhsi™ (Rparent(i)) + Z rhsout(Rj)
jEchildren(i)

which is equivalent to

wi(N) = wi (M) — lhs(R:) + 1hs*™ (R;) + hs™ (Ri) + Y 1hs™ (R;)
j€Echildren(i)

ie., wi(N) = w;(M) — Lhs(R;) + lhs( i)- Therefore R; is valid in w;i(N), Vi €
{1,...,m}. Suppose that R is not reversely valid in N. Then we have three
pObblblhtleb given by Definition [} First, if there is i € {1,...,m} and 7: u —

ONS RH such that v < w; (IV )—lhs( ;) it means that lhs(r) < wl( )—lhs( i)
which contradicts the maximal validity of R;. Second, if there is i € {1,...,m}
and 7 : u — (v,in;) € R

parent(iy Such that v < wi(N) — lhs(R ) then again
lhs(r) < w;(M)—1hs(R;) (contradiction). The third situation leads to the same
contradiction. Thus, there exists an intermediate configuration @ in I such that

N Eﬁr Q. We have to show that Q — s M, i.e., to prove

w; (M) = Obj(wi (Q)) + ini (wparent(i) (Q)) + Z OUt(wj (Q))

jEchildren(i)

Since w; (Q) = w;(N V) — lhs( )+Ths( i) it follows that obj(wi(Q)) = wi(M) —
Ihs(R;) + rhs° (R;). We also have that ini(Wparent(i) (Q)) = rhs™ (Rparent(i))

and out(w;(Q)) = rhsout(,\;). So the relation we need to prove is equivalent to

wi(M) = wi(M) — lhs(R;) + rhs® (R;)

+ rhs™ (Rparem) + Y rhs™(Ry)
j€Echildren(i)

which is true because

Ihs(Ri) = 1hs (Ri) + 1hs" (Ri) + Y 1hs™ (Ry). O

jEchildren(i)
5 An Alternative Approach

Another way to reverse a computation N Empr—>msg M is to move objects
instead of moving rules. We start by reversing all rules of the P system IT;
since these rules can be communication rules, by their reversal we do not obtain
another P system. For example, a rule a — (b, out) yields (b, out) — a, whose
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left-hand side contains the message out and therefore is not a rule. However, we
can consider a notion of extended P system in which we allow rules to also have
messages in their left-hand side. We move objects present in the membranes and
transform them from objects to messages according to the rules of the membrane
system. The aim is to achieve a result of form

M, N =y Pifand only if P — 5y N D M

An example illustrating the movement of the objects is the following:

r1: (c,in2) — a

T2 1 C—Q

dual cte

C

:(c,in3) — e

(d,out) — a

rs : (e, out) — b

(d, out) + (c,in3)

mpr
dual | |73
e, out)

(e, out)

rs @ (e,out) — b

r3: (c,ing) — e
T4 : (d,out) — a

where the “dual” movement — 5, of objects between membranes is:

called by rule =,

— d in membrane 1 — — — — — — (d, out) in membrane 2;
called by rule

— ¢ in membrane 2 — — — — — — (¢,in2) in membrane 1;
called by rule r5

— e in membrane 2 — — — — — — (e, out) in membrane 3;
called by rule

— ¢ in membrane 3 — — — — — — (¢, in3) in membrane 2.

By applying the dual rules, messages are consumed and turned into objects, thus
performing a reversed computation to the initial membrane.
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6 Conclusion

In this paper, we solve the problem of finding all the configurations N of a P
system which evolve to a given configuration M in a single step by introducing
dual P systems. The case of P systems without communication rules is used as a
stepping stone towards the case of P systems with simple communication rules.
In the latter case, two approaches are presented: one where the rules are reversed
and moved between membranes, and the other where the rules are only reversed.
On dual membranes we employ a semantics which is surprisingly close to the
one giving the maximally parallel rewriting (and message sending, if any).

The dual P systems open new research opportunities. A problem directly
related to the subject of this paper is the predecessor existence problem in dy-
namical systems [I]. Dual P systems provide a simple answer, namely that a
predecessor for a configuration exists if and only if there exists a system of
multisets of rules which is reversely valid.

Dualising a P system is closely related to reversible computation [3]. Reversible
computing systems are those in which every configuration is obtained from at
most one previous configuration (predecessor). A paper which concerns itself
with reversible computation in energy-based P systems is [2].

Further development will include defining dual P systems for P systems with
general communication rules. Other classes of P systems will also be studied.
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Abstract. Membrane computing is a formal framework of distributed
parallel multiset processing. Due to massive parallelism and exponen-
tial space some intractable computational problems can be solved by
P systems with active membranes in a polynomial number of steps. In
this paper we generalize this approach from decisional problems to the
computational ones, by providing a solution of a #P-complete problem,
namely to compute the permanent of a binary matrix. The implication
of this result to the PP complexity class is discussed and compared to
known results about NP U co — NP.

1 Introduction

Membrane systems are a convenient framework of describing polynomial-time
solutions to certain intractable problems in a massively parallel way. Division
of membranes makes it possible to create an exponential space in linear time,
suitable for attacking problems in NP and even in PSPACE. Their solutions by
so-called P systems with active membranes have been investigated in a number
of papers since 2001, later focusing on solutions by restricted systems.

The description of rules in P systems with active membranes involves mem-
branes and objects; the typical types of rules are (a) object evolution, (b), (c)
object communication, (d) membrane dissolution, (¢) membrane division — see
Subsection Since membrane systems are an abstraction of living cells, the
membranes are arranged hierarchically, yielding a tree structure. A membrane
is called elementary if it is a leaf of this tree, i.e., if it does not contain other
membranes.

The first efficient semi-uniform solution to SAT was given in [4], using division
for non-elementary membranes and three electrical charges. This result was
improved in [5] using only division for elementary membranes.

Different efficient uniform solutions have been obtained in the framework of
recognizer P systems with active membranes, with polarizations and only using

D. Corne et al. (Eds.): WMC9 2008, LNCS 5391, pp. 108117 2009.
© Springer-Verlag Berlin Heidelberg 2009
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division rules for elementary membranes (see, e.g., [8], [6], [B], [7], [9] and their
references).

The goal of this paper is to generalize the approach from decisional prob-
lems to the computational ones, by considering a #P-complete (pronounced
sharp-P complete) problem of computing the permanent of a binary matrix; see
also Section 1.3.7 in [TI] for a presentation of Complexity Theory of counting
problems.

Let us cite [12] for additional motivation:

While 3SAT and the other problems in NP-complete are widely assumed
to require an effort at least proportional to 2™, where n is a measure of
the size of the input, the problems in #P-complete are harder, being
widely assumed to require an effort proportional to n2™.

While attacking NP complexity class by P systems with active membranes have
been often motivated by P < NP problem, we recall from [13] the following fact:

If the permanent can be computed in polynomial time by any method,
then FP=#P which is an even stronger statement than P= NP.

“

Here, by “any method” one understands “... on sequential computers” and FP
is the set of polynomial-computable functions.

In Section [] we recall the definition of PP (the probabilistic polynomial time
complexity class) and present an approach to solving the problems in PP.

2 Definitions

Membrane computing is a recent domain of natural computing started by Gh.
Paun in 1998. The components of a membrane system are a cell-like membrane
structure, in the regions of which one places multisets of objects which evolve
in a synchronous maximally parallel manner according to given evolution rules
associated with the membranes.

2.1 Computing by P Systems

Let O be a finite set of elements called objects. In this paper, like it is standard
in membrane systems literature, a multiset of objects is denoted by a string,
so the multiplicity of object is represented by number of its occurrences in the
string. The empty multiset is thus denoted by the empty string, .

To speak about the result of the computation of a P system we need the
definition of a P system with output.

Definition 1. A P system with output, II, is a tuple

11 = (O,T7 H E p,w,--- ,wp,RJo), where:
— O 1is the working alphabet of the system whose elements are called objects.
— T C O is the output alphabet.
— H 1is an alphabet whose elements are called labels.
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— FE is the set of polarizations.

— 1 is a membrane structure (a rooted tree) consisting of p membranes injec-
tively labeled by elements of H.

— wj; 1S a string representing an initial multiset over O associated with mem-
brane i, 1 <1i < p.

— R is a finite set of rules defining the behavior of objects from O and mem-
branes labeled by elements of H.

— g identifies the output region.

A configuration of a P system is its “snapshot”, i.e., the current membrane
structure and the multisets of objects present in regions of the system. While
initial configuration is Cy = (u, w1, -, wp), each subsequent configuration C”
is obtained from the previous configuration C' by maximally parallel application
of rules to objects and membranes, denoted by C' = C’ (no further rules are
applicable together with the rules that transform C into C’). A computation is
thus a sequence of configurations starting from Cj, respecting relation = and
ending in a halting configuration (i.e., one where no rules are applicable).

The P systems of interest here are those for which all computations give the
same result. This is because it is enough to consider one computation to obtain
all information about the result.

Definition 2. A P system with output is confluent if (a) all computations halt;
and (b) at the end of all computations of the system, region ig contains the same
multiset of objects from T.

In this case one can say that the multiset mentioned in (b) is the result given
by a P system, so this property is already sufficient for a convenient usage of P
systems for computation.

However, one can still speak about a stronger property: a P system is strongly
confluent if not only the result of all computation is the same, but also the
halting configuration is the same. A yet stronger property is determinism: a P
system is called deterministic if it only has one computation.

In what follows we represent computational problems by triples: domain, range
and the function (from that domain into that range) that needs to be computed.
The notation PMC%, of the class of problems that are polynomially computable
by semi-uniform families of P systems with active membranes has been intro-
duced by M.J. Pérez-Jiménez and his group, see, e.g., [§]. The definition below
generalizes it from decisional problems to computational ones.

Definition 3. Let X = (Ix, F,0x) be a computational problem: 0x : Ix — F.
We say that X is solvable in polynomial time by a (countable) family R of
confluent P systems with output II = (II(u))yery, and we denote this by X €
PMC,, if the following are true.

1 The family II is polynomially uniform by Turing machines, i.e., there exists
a deterministic Turing machine working in polynomial time which constructs
the system II(u) from the instance u € Ix.
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2 The family I is polynomially bounded: for some polynomial function p(n)
for each instance u € Ix of the problem, all computations of IT(u) halt in,
at most, p(|u|) steps.

3 There exists a polynomial-time computable function dec such that the family
II correctly answers X with respect to (X,dec): for each instance of the
problem u € Ix, the function dec applied to the result given by IT(u) returns
exactly Ox (u).

We say that the family IT is a semi—uniform solution to the problem X.

Now we additionally consider input into P systems and we deal with P systems
solving computational problems in a uniform way in the following sense: all
instances of the problem with the same size (according to a previously fixed
polynomial time computable criterion) are processed by the same system, on
which an appropriate input, representing the specific instance, is supplied.

If w is a multiset over the input alphabet X' C O, then the initial configuration
of a P system II with an input w over alphabet X and input region i is

(/1’7w17 oy Wig—1, Wi U W, Wipg+1 - 'va)'

In the definition below we present the notation PMCp of the class of prob-
lems that are polynomially computable by uniform families of P systems with
active membranes introduced by M.J. Pérez-Jiménez and his group, see, e.g., [8],
generalized from decisional problems to computational ones.

Definition 4. Let X = (Ix, F,0x) be a computational problem. We say that X
is solvable in polynomial time by a family II = (II(n))nen of confluent membrane
systems with input, and we denote it by X € PMCpg, if

1 The family I1 is polynomially uniform by TM: some deterministic TM con-
structs in polynomial time the system II(n) from n € N.

2 There ezists a pair (cod, s) of polynomial-time computable functions whose
domain is Ix and a polynomial-time computable function dec whose range
is F, such that for each u € Ix, s(u) is a natural number, cod(u) is an input
multiset of the system II(s(u)), verifying the following:

2a The family II is polynomially bounded with respect to (X, cod,s); that is,
there exists a polynomial function p(n) such that for each w € Ix every
computation of the system II(s(u)) with input cod(u) halts in at most p(|ul)
steps.

2b There ezists a polynomial-time computable function dec such that the family
IT correctly answers X with respect to (X, cod, s,dec): for each instance of
the problem u € Ix, the function dec, being applied to the result given by
I (s(u)) with input cod(u), returns exactly 0x (u).

We say that the family IT is a uniform solution to the problem X.

2.2 P Systems with Active Membranes

To speak about P systems with active membranes, we need to specify the rules,
i.e., the elements of the set R in the description of a P system. They can be of
the following forms:
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(@) [a—w]y, forhe HeeE,acO,veO*
(object evolution rules, associated with membranes and depending on
the label and the polarization of the membranes, but not directly involv-
ing the membranes, in the sense that the membranes are neither taking part
in the application of these rules nor are they modified by them);

(b) a[ ];' = [b]}, for he H, e1,e2 € E,a,be O
(communication rules; an object is introduced into the membrane; the ob-
ject can be modified during this process, as well as the polarization of the
membrane can be modified, but not its label);

(¢) [a 13" = [ 1;?b,for he H ei,e3 € E,a,be O
(communication rules; an object is sent out of the membrane; the object can
be modified during this process; also the polarization of the membrane can
be modified, but not its label);

(d) [a |, = b, forhe Hee E,a,be O
(dissolving rules; in reaction with an object, a membrane can be dissolved,
while the object specified in the rule can be modified);

(e) [a ]5t —=1[b %[ c ]}% for h e H ei,ez,e3 € E,a,b,c€ O
(division rules for elementary membranes; in reaction with an object, the
membrane is divided into two membranes with the same label, possibly of
different polarizations; the object specified in the rule is replaced in the two
new membranes by possibly new objects).

In this paper we do not need division, dissolution or rules that bring an object
inside a membrane, but they are mentioned in the definition for completeness.

The rules of type (a) are considered to only involve objects, while all other
rules are assumed to involve objects and membranes mentioned in their left-
hand side. An application of a rule consists in subtracting a multiset described
in the left-hand side from a corresponding region (i.e., associated to a membrane
with label h and polarization e for rules of types (a) and (d), or associated to
a membrane with label h and polarization e; for rules of type (c) and (e), or
immediately outer of such a membrane for rules of type (b)), adding a multiset
described in the right-hand side of the rule to the corresponding region (that
can be the same as the region from where the left-hand side multiset was sub-
tracted, immediately inner or immediately outer, depending on the rule type),
and updating the membrane structure accordingly if needed (changing mem-
brane polarization, dividing or dissolving a membrane).

The rules can only be applied simultaneously if they involve different objects
and membranes (we repeat that rules of type (a) are not considered to involve
a membrane), and such parallelism is maximal if no further rules are applicable
to objects and membranes that were not involved.

2.3 Permanent of a Matrix

The complexity class #P, see [15], was first defined in [I0] in a paper on the
computation of the permanent.
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Definition 5. Let S, be the set of permutations of integers from 1 to n, i.e.,
the set of bijective functions o : {1,---,n} — {1,---,n}. The permanent of a
matriz A = (a; j)1<i j<n 1S defined as

perm(A) = > ] aio)-

€Sy, i=1

Informally, consider a combination of n matrix elements containing one ele-
ment from every row and one element from every column. The permanent
is the sum over all such combinations of the product of the combination’s
elements.

A matrix is binary if its elements are either 0 or 1. In this case, the permanent
is the number of combinations of n matrix elements with value 1, containing one
element from each row and one element from each column. For example,

101
perm | 010 | =2.
101

Unlike the determinant of a matrix, the permanent cannot be computed by
Gauss elimination.

3 Main Result

Theorem 1. The problem of computing the permanent of a binary matriz is
solvable in polynomial time by a uniform family of deterministic P systems with
active membranes with two polarizations and rules of types (a), (c), (e).

Proof. Let A = (a;;) be an n x n matrix. We define N = [log,(n)], and n’ =
2N < 2n is the least power of two not smaller then n. The input alphabet is
Ymn)={@,5)|1<i<n, 1<j<n}, and the matrix A is given as a multiset
w(A) containing for every element a; ; = 1 of the matrix one symbol (i, j). Let
the output alphabet be T' = {0}, we will present a P system II(n) giving operm(A)
as the result when given input w(A) in region 4,y = 2.

II(n) = (O,T,H,E,u,wl,wg,R,l),
O=Xn)UTU{c}U{di,a; |0<i<Nn}U{D;|0<i<n+1}
U{(i,j, k1) |0<i<Nn-1,0<j<n—1 0<k<Nn-—1,
0<l<n' -1},

p=[1151} H={1,2}, E={0,1},
w1:/\, UJQZdo.

and the rules are presented and explained below.
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Al [(i,j) = (Ni—1,j—1,Nn—1,0)]3,1<i<n,1<j<n

Preparation of the input objects: tuple representation. Informal meaning of the
tuple components is 1) number of steps remaining until row i is processed, 2)
column number, starting from 0, 3) number of steps remaining until all rows are
processed, 4) will be used for memorizing the chosen column.

A2 [di]5—[dig1]gldis1 15, 0<i<Nn—1leeE

Division of the elementary membrane for Nn times.

A3 [ (i,j,k, 1) = (i—1,5,k—1,2l+¢) |5,
0 <t < Nn—1,71is not divisible by N,

0<j<n—-1,1<k<Nn-1,0<I<(n—1-—¢)/2,e€FE

For 4 times, during N — 1 steps input objects corresponding to row ¢ memorize
the polarization history. The binary representation of the chosen column for
the current row corresponds to the history of membrane polarizations during NV
steps.

A4 [<i7j,k7l>—>)\];7
0<i<Nn—-1,0<j<n—-1,1<k<Nn-—1,
(n—1-e)/2<i<n'/2—-1,e€FE

Erase all input objects if the chosen column is invalid, i.e., its number exceeds
n—1.

A5 [<7’7Jukvl>_)<7’_17.77k_]-70>];7
1<i<Nn-1,0<j<n—1j#2+e,
0<k<Nn-1,0<I<(n—1-¢)/2,e€FE

If element’s row is not reached and element’s column is not chosen, proceed to
the next row.

A6 [(i,j,k,l)—w\};,
1<i<Nn-1,0<j<n—1j=2+e,
0<k<Nn-1,0<I<(n—1-¢)/2,e€ E

Erase the chosen column, except the chosen element.

AT [<Oaj7k‘al>_))‘];a
0<j<n—1,5#2+e,
0<k<Nn-1,0<I<(n—1-¢)/2,e€E

Erase the chosen row, except the chosen element.

A8 [<Oajvkal>_)ak71 };7
0<j<n—-1,5=2l+e¢,
0<k<Nn-1,0<I<(n—1-¢)/2,e€ E
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If chosen element is present (i.e., it has value 1 and its column has not been
chosen before), produce object ag_1.

A9 [akaak_l};,lgngn—l,eeE

Objects ax wait until all rows are processed. Then a membrane represents a
solution if n copies of ag are present.

B1 [dyn, — Dy_.cte ];, ecE

If polarization is 0, produce n copies of object ¢ and a counter D;. Otherwise,
produce one extra copy of ¢ and set the counter to Dy; this will reduce to the
previous case in one extra step.

B3 [ao ]y — [ ]5a0
B4 [D; = Dis1]5,0<i<n

Each object ag changes polarization to 1, the counter D; counts this, and then
object c resets the polarization to 0.

B5 [Dyi1 ]y — [ 150
If there are n chosen elements with value 1, send one object o out.

The system is deterministic. Indeed, for any polarization and any object (other
than d;, i < Nn, ¢, ag or D,,4+1), there exist at most one rule of type (a) and no
other associated rules. As for the objects in parentheses above, they have no rules
of type (a) associated with them and they cause a well-observed deterministic
behavior of the system: division rules are applied during the first Nn steps; then,
depending on the polarization, symbols ag or ¢ are sent out; finally, wherever
D, is produced, it is sent out.

The system computes the permanent of a matrix in at most n(2 + N) +1 =
O(nlogn) steps. Indeed, the first Nn steps correspond to membrane divisions
corresponding to finding all permutations of Sy, see Definition Bl while the fol-
lowing steps correspond to counting the number of non-zero entries of the matrix
associated to these permutations (there are at most 2n + 1 of them since the
system counts to at most n and each count takes two steps; one extra step may
be needed for a technical reasons: to reset to 0 the polarization of membranes
that had polarization 1 after the first Nn steps).

It should be noted that the requirement that the output region is the environ-
ment (typically done for decisional problem solutions) has been dropped. This
makes it possible to give non-polynomial answers to the permanent problem
(which is a number between 0 and n!) in a polynomial number of steps without
having to recall from [I] rules sending objects out that work in parallel.
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4 Attacking PP Complexity Class

The probabilistic polynomial complexity class PP, also called Majority-P, has
been introduced in [2]. It is the class of decision problems solvable by a prob-
abilistic Turing machine in polynomial time, with an error probability of less
than 1/2 for all instances, see also [I4]. It is known that PP D NP Uco — NP,
and the inclusion is strict if P # NP. Therefore, showing a solution to a PP-
complete problem by P systems with active membranes without division of non-
elementary membranes and without membrane creation would improve the best
known results relating P systems to NP U co — NP.

In this section we show a way to do this, paying a small price of post-
processing. We recall that the framework of solving decisional problems by P
systems with active membranes includes two encoding functions (computing the
description of a P system from the size of the problem instance and computing
the input multiset from the instance of the problem). Unlike a more general case
of solving computational problems, there was no need for the decoding function,
since the meaning of objects yes and no sent to the environment was linked with
the answer. While the decoding function was necessary for extending the frame-
work for the computational problems (computing the answer to the instance of
the problem from the output multiset of a P system in polynomial time), we
would like to underline that it is useful even for the decisional problems.

It is not difficult to see that the problem “given a matrix A of size n, is
Perm(A) > nl/27” is PP-complete. Hence, we only have to compare the result
of the computation of the matrix permanent with n!/2. Doing it by usual P
systems with active membranes would need a non-polynomial number of steps.
We can propose two approaches.

— Generalizing rules of type (a) to cooperative ones. It would then suffice to
generate n!/2 copies of a new object z, then erase pairs of o and z and
finally check if some object o remains. However, this class of P systems is
not studied.

— Consider, as before, the number of objects o as the result of the computation
of a P system. Use the decoding function

no ,xz <nl/2,
yes ,x > nl/2.

dec(z) = {

The function dec can obviously be computed in polynomial time.

5 Discussion

In this paper we presented a solution to the problem of computing the perma-
nent of a binary matrix by P systems with active membranes, namely with two
polarizations and rules of object evolution, sending objects out and membrane
division. This problem is known to be #P-complete. The solution has been
preceded by the framework that generalizes decisional problems to computing
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functions: now the answer is much more than one bit. This result suggests that
P systems with active membranes without non—elementary membrane division
still compute more than decisions of the problems in NP U co — NP. Indeed,
paying the small price of using the decoding function also for decisional problem
this approach allows to solve problems in the class PP, which is strictly larger
than that (assuming P # NP).
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ence and Technology Center in Ukraine, project 4032. Yurii Rogozhin gratefully
acknowledges the support of the European Commission, project MolCIP, MIF1-
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Abstract. We consider the problem of synchronizing the activity of all
membranes of a P system. After pointing the connection with a similar
problem dealt with in the field of cellular automata, where the problem is
called the firing squad synchronization problem, F'SSP for short, we pro-
vide two algorithms to solve this problem for P systems. One algorithm
is non-deterministic and works in 2h + 3 steps, the other is deterministic
and works in 3h + 3 steps, where h is the height of the tree describing
the membrane structure.

1 Introduction

The synchronization problem can be formulated in general terms with a wide
scope of application. We consider a system constituted of explicitly identified
elements and we require that starting from an initial configuration where one
element is distinguished, after a finite time, all the elements which constitute
the system reach a common feature, which we call state, all at the same time
and the state was never reached before by any element.

This problem is well known for cellular automata, where it was intensively
studied under the name of the firing squad synchronization problem (FSSP): a
line of soldiers have to fire at the same time after the appropriate order of a
general who stands in one end of the line, see [2[54I9JT0ITT]. The first solution
of the problem was found by Goto, see [2]. It works on any cellular automaton
on the line with n cells in the minimal time, 2n—2 steps, and requiring several
thousands of states. A bit later, Minsky found his famous solution which works
in 3n, see [0], with a much smaller number of states, 13 states. Then, a race to
find a cellular automaton with the smallest number of states which synchronizes
in 3n started. See the above papers for references and for the best results; for
generalizations to the planar case, see [9] for results and references.

The synchronization problem appears in many different contexts, in particular
in biology. As P systems model the work of a living cell constituted of many
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micro-organisms, represented by its membranes, it is a natural question to raise
the same issue in this context. Take as an example the meiosis phenomenon,
which probably starts with a synchronizing process which initiates the division
process. Many studies have been dedicated to general synchronization principles
occurring during the cell cycle; although some results are still controversial, it is
widely recognized that these aspects might lead to an understanding of general
biological principles used to study the normal cell cycle, see [§].

We may translate FSSP in P systems terms as follows. Starting from the initial
configuration where all membranes, except the root, contain same objects, the
system must reach a configuration where all membranes contain a distinguished
symbol, F'. Moreover, this symbol must appear in all membranes only during at
the synchronization time.

The synchronization problem as defined above was studied in [I] for two classes
of P systems: transitional P systems and P systems with priorities and polariza-
tions. In the first case, a non-deterministic solution to FSSP was presented and
for the second case a deterministic solution was found. These solutions need a
time 3h and 4n + 2h respectively, where n is the number of membranes of a P
system and h is the depth of the membrane tree.

In this article we significantly improve the previous results in the non-deter-
ministic case. In the deterministic case, another type of P system was considered
and this permitted to improve the parameters. The new algorithms synchronize
the corresponding P systems in 2h + 3 and 3h + 3 steps respectively.

2 Definitions

In the following we briefly recall the basic notions concerning P systems. For
more details we refer the reader to [6] and [12].
A transitional P system of degree n is a construct

I = (0, p,wy,...,wy, Ry,..., Ry,), where:

1. O is a finite alphabet of symbols called objects,

2. p is a membrane structure consisting of n membranes labeled in a one-
to-one manner by 1,2,...,n (the outermost membrane is called the skin
membrane),

3. w; € O, for each 1 < ¢ < n is a multiset of objects associated with the
region ¢ (delimited by membrane ),

4. for each 1 < ¢ < n, R; is a finite set of rules associated with the region
1 which have the following form u — w1, tary;ve, tars;. . .;vm,tar,,, where
u € O, v; € O, and tar; € {in, out, here, in!}.

A transitional P system is defined as a computational device consisting of a
set of n hierarchically nested membranes that identify n distinct regions (the
membrane structure p) where, to each region ¢, a multiset of objects w; and a
finite set of evolution rules R;, 1 < i < n, are assigned.

An evolution rule u — vy, tary; va, tars; . . . ; Um, tar, rewrites u by vy, ..., vmn
and moves each v; accordingly to the target tar;. If the tar; target is here, then
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v; remains in membrane ¢. Target here can be omitted in the notation. If the
target tar; is out, then v; is sent to the parent membrane of . If the target tar;
is in, then v; is sent to any inner membrane of ¢ chosen non-deterministically.
If the target tar; is equal to in!, then v; is sent to all inner membranes of ¢ (a
necessary number of copies is made).

A computation of the system is obtained by applying the rules in a non-
deterministic maximally parallel manner. Initially, each region ¢ contains the
corresponding finite multiset w;. A computation is successful if starting from
the initial configuration it reaches a configuration where no rule can be applied.
With a successful computation a result can be associated, but in what follows
we are interested in the computation itself, not in any result of it.

A transitional P system with promoters and inhibitors is a system as defined
as in the previous definition, where the set of rules may contain rules of the form

U — v, tary; v, tare; ... Um, tar, |pﬁQ7

where P € O is the promoter, Q € O is the inhibitor, tar; € {in,out, here,in!},
u € OF and v; € O. If P and/or @ are absent, we shall omit them. The meaning
of promoter and inhibitor (if present in a rule) is that the rule is not applicable
unless the promoter object exists in the current membrane, while the rule is
applicable unless the inhibitor object is present in the current membrane.

We formulate the FSSP to P systems as follows:

Problem 1. For a class of P systems C find two multisets W, W' € O*, and
two sets of rules R, R’ such that for any P system II € C of degree n > 2 having

wi =W, R =R ,w; =W and R; =R foralli € {2,...,n}, assuming
that the skin membrane has the number 1

it holds

— If the skin membrane is not taken into account, then the initial configuration
of the system is stable (cannot evolve by itself).

— If the system halts, then all membranes contain the designated symbol F
which appears only at the last step of the computation.

3 The Non-deterministic Case

In this section we discuss a non-deterministic solution to the FSSP using tran-
sitional P systems. The main idea of such a synchronization is based on the fact
that if a signal is sent from the root to a leaf, then it will take at most 2h steps
to reach a leaf and return back to the root. In the meanwhile, the root may guess
the value of h and propagate it step by step down the tree. This takes also 2h
steps: h to guess the root, and h to end the propagation and synchronize. Hence,
if the signal sent to the leaf, having depth d < h, returns at the same moment
that the root ended the propagation, then the root guessed the value d. Now, in
order to finish the construction it is sufficient to cut off cases when d < h.
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In order to implement the above algorithm in transitional P systems we use
the following steps.

Mark leaves and nodes (nodes by S and leaves by S).

From the root, send a copy of symbol ¢ down. Any inner node must take one
a in order to pass to state S’. If some node is not passed to state S’ then
when the signal ¢ will come inside, it will be transformed to #.

Then end of the guess is marked by signal ¢. Symbols S in leaves are trans-
formed to S and those in inner nodes to S”.

In the meanwhile the height is computed with the help of a symbol Cs. If
a smaller height d < h is obtained at the root node, then either the symbol
Cs will arrive to the root node and it will contain some symbols b — then
the symbol # will be introduced at the root node, or the guessed value will
be d and then there will be an inner node with S or a leaf with S (because
we have at most d letters a) which leads to the introduction of # in the
corresponding node.

Now let us present the system in details.

Let IT = (O, p,w1,...,wy, R1,...,Ry,) be the P system to be synchronized.
To solve the synchronization problem, we make the following assumptions on
the objects, the membranes, and the rules. We consider that p is an arbitrary
membrane structure and

0= {Sv Sa 51752a 53701a025037SI7SNa Sl”aa7ba C, F7#}

We also assume that w; = {S1} and that all other membranes but the skin

one are empty. The sets of rules, Ry, ..., R, are all equal and they are described
below.
Start:
Sl —>527027‘Sa2n'101a2n (1)

Propagation of S:

S — S; S, in! (2)
Root counter (guess):
So — So;b;a,in! Sy — S3;c¢,in! (3)
Propagate a:
Sa — S’ a — b;a,in! (4)

Propagate c:

eS" — 8" ¢ in! cSa — 8" (5)
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Decrement:
S"b— 8" S"a— " (6)
@ p S F (7)
Ssb — Ss (®)
Height computing:
C1 — C1,in Cy — Ca,in (9)
C1Cy — Cs Cy— # (10)
Cs — Cs, out (11)
Root firing:
U383 — F (12)
Traps:
cS — # cS — # Cs — # (13)
aF — # bF — # B # (14)

The system II has the desired behavior. Indeed, let us consider the functioning
of this system.

Rule ([l) produces objects S, C1, Cy and Sa. Object S will propagate down
the tree structure by rule (@), leaving S in all intermediate nodes and S in the
leaves. Objects C; and C5 will be used to count the time corresponding to twice
the depth d of some elementary membrane by rules [@)-(TI) (trying to guess the
maximal depth). Finally, object So will produce objects b in some multiplicity
by rules (3.

Together with objects b, objects a are produced by the first rule from (&),
and they propagate down the tree structure by (@), one copy being subtracted
at each level.

After the root finishes guessing the depth (second rule of (), object ¢ prop-
agates down the tree structure by (Bl), producing objects S” at intermediate
nodes and objects S”’ at leaves; recall that the root has object S3. These three
objects perform the countdown (and then the corresponding nodes fire) by rules
([]). As for the root, at firing by ([I2) it also checks that the timing matches twice
the depth of the node visited by C; and Cs. The rules (I3)-([I4)) handle possible
cases of behavior of the system, not leading to the synchronization.

Now we present a more formal proof of the assertion above. We have the
following claims.

— The symbol Cs will appear at the root node at the time 2d+2, d < h, where h
is the height of the membrane structure and d is the depth of the leaf visited
by C1. Indeed, by rules (@) symbols C; and Cs, initially created by rule (),
go down until they reach a leaf. If they do not reach the same leaf, then the
symbol # is introduced by Cs. The symbol Cs reaches the leaf (of depth d)
after d + 1 steps. After that C; and Cs are transformed to the symbol Cs (1
step) which starts traveling up until it reaches the root node (d steps).
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— All nodes inner nodes will be marked by S and the leaves will be marked by
S. Indeed, rule @) permits to implement this behavior.

— Let d+ 2, 0 < d < h be the moment when the root stops the guess of the
tree height (the second rule from (B]) has been applied). At this moment the
contents of wy is S3b? and c starts to be propagated. Now consider any node
x except the root. Then:

x 1s of depth i then symbol ¢ will reach x at time d+i+ 1 and the number of
letters a (respectively letters b) present at x if it is a leaf (respectively inner
node) is a®" (respectively b)) where © denotes the positive subtrac-
tion.

The proof of this assertion may be done by induction. Initially, at step d+ 2,
symbol ¢ is present in all nodes of depth 1. Let x be such a node. If x is a
leaf, then it received d copies of a. Otherwise, if x is an inner node, it must
contain d © 1 letters b (d letters a reached this node and all of them except
one were transformed to b). The induction step is trivial since the letter
¢ propagates each step down the tree and because the number of letters a
reaching a depth ¢ is smaller by one than the number of a reaching the depth
i— 1.

— From the above assertion it is clear that all nodes at time 2d + 2 will reach
the configuration where there are no more letters b and a. Hence, all nodes,
including the root node, up to depth d will synchronize at time 2d + 3.

Now, in order to finish the proof it is sufficient to observe that if d # h, then
either there will be a symbol S in an inner node or the deepest leaf (having the
depth h) will not contain object a (because only d letters a will be propagated
down). Hence, when ¢ will arrive at this node, it will be transformed to #.

Ezample 1. Consider a system II having 7 membranes with the following mem-

brane structure:
/ 1\
2 / 3\
4 5 6

7

Now consider the evolution of the system IT constructed as above. We
represent it in a table format where each cell indicates the contents of the cor-
responding membrane at the given time moment. Since the evolution is non-
deterministic, we consider firstly the correct evolution and after that we shall
discuss unsuccessful cases.
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Step wy W w3  Wg  Ws We wy
0 S1
1 S0, S 8SC
2 Sb Sa SaCy S S SC;
3 Sebb Saa S'a S S SC, SC
4 Sobbb Saaa S'ba Sa Sa Sa SCiCh
5 Ssbbb Saaac S'bbc Saa Saa S'a SCs
6 S3bb S"aa S"bb Saac Saac S'bcCs  Sa
7 S3b S"a S"bC3 §"a S"a S"b  Sac
8 S3C3 S s oogmo§mo g7 S
9 F F F F F F F

The system will fail in the following cases:

a letter a).

Signals C; and C5 go to different membranes.
. Some symbol S is not transformed to S’ (or the deepest leaf does not contain

Ss appears in the root membrane after C5 appears in a leaf.
The branch chosen by Cj5 is not the longest (it has the depth d, d < k).

A possible evolution for the first unsuccessful case is represented in the table

below:

Step w1 ws w3 wg ws wg Wy
0o S

1 S0, S SCy

2 Sb SaCy, Sa S S SC;

3 Sobb Saa# S'a S S S SC;

A possible evolution for the second unsuccessful case is represented in the

table below:

Step w; wWo w3 Wy ws We wy

0 5

1 S0y S SOy

2 Seb Sa SaCy, S S SCq

3 Sobb Saa Sba Sa Sa  SaC, SO,

4 Sobbb Saaa Sbba Saa Saa S'a SC1Ch
5 S3bbb Saaac Sbbbe Saaa Saaa S'ab  aSCsy
6 Ssbb S"'aa #bbb Saaac Saaac S'bbcCs3 Saa
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A possible evolution for the third unsuccessful case is represented in the table
below:
Step  wy Wo w3 Wy ws We wy

0 Sy

1 S0 S SCy

2 Seb Sa SaCy S S SC
3  Sybb  Saa S'a S S SCy, SCy
4 Sobbb Saaa S'ba Sa  Sa Sa SC.Cs
5 Sobbbb Saaaa S'bba  Saa Saa S'a aSCs
6 Ssbbbb Saaaac S'bbbc Saaa Saaa S'baCs Sa
7 S3bbb S"aaa S"bbbC3 Saaac Saaac S'bbc  Saa
8 S3bbC3 S"aa  S"bb  S"aa S"aa S"bb Saac
9 S3b#  S"a S’y S"a S8"a S"b  S"a

A possible evolution for the fourth unsuccessful case is represented in the ta-
ble below:

Step wq Wo w3 Wy ws  We Wy
0 S1
1 SCy, S SCy
2 Sp  Sa SaCy, S SC, S
3 Sebb  Saa Sa S SCiCy S S
4 Sybbb Saaa S'ba  Sa SaCs Sa S
5 Ss3bbb Saaac S'bbcCs3 Saa Saa S'a S
6 S3bbC3 S"aa  S"bb Saac Saac S'bc Sa
7T Ssb# S"a S"bC3 S"a S"a S"b Sac

4  The Deterministic Case

Consider now the deterministic case. We take the class of P systems with pro-
moters and inhibitors and solve Problem 1 for this class.

The idea of the algorithm is very simple. A symbol C5 is propagated down
to the leaves and at each step, being at a inner node, it sends back a signal C.
At the root a counter starts to compute the height of the tree and it stop if and
only if there are no more signals C. It is easy to compute that the last signal
C will arrive at time 2h — 1 (there are h inner nodes, and the last signal will
continue for h — 1 steps). At the same time the height is propagated down the
tree as in the non-deterministic case.

The P system I = (O, pu, w1, ..., wy, R1,...,R,) for deterministic synchro-
nization is present below. We consider that p is an arbitrary membrane structure.

The set of objects is O = {S1,52,55,854,9,5,5",5",8" Cy,Cs,C,a,d b, F},
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the initial contents of the skin is w; = {S1}, the other membranes are empty.

The set of rules Ry,..., R, are identical, they are presented below.
Start:
S1 — S9;C%; S, in!; Cy, in! (15)
Propagation of S:
S — S; 8, in! (16)
Propagation of C' (height computing signal):
C1 — Cq,in! Cy — C;Cq,1n!;C,out (17)
CiCy — ¢ Cy — C;Cq, in! (18)
C — C,out (19)
Root counter:
Sy — S S5 — Siibsa,in! o (20)
C —els, S5 — S3 ¢ (21)
C—elg S5 — Sy;ayin! |-¢ (22)
Propagation of a:
Sa — 8’ a — b;a,in! |g (23)
End propagate of a:
aS — 8";din! a'Sa — S (24)
Decrement:
S"bp — S” S"aq — S (25)
S" = F | §" S F o (26)
Root decrement:
Sib— Sy Si— F | (27)

We now give a structural explanation of the system. Rule ([IE) produces four
objects. Similar to the system from the previous section, the propagation of
object S by (I8) leads to marking the intermediate nodes by S and the leaves by
S. While objects C, C5 propagate down the tree structure and send a continuous
stream of objects C' up to the root by ([7)-([), object Sy counts, producing by
rules (20)-(22) an object b every other step.

When the counting stops, there will be exactly h copies of object b in the root.
Similar to the construction from the previous section, objects a are produced
together with objects b by the second rule from (20). Objects a are propagated
down the structure and decremented by one at every level by (23).

After the counting stops in the root (the last rule from (22)), object a’ is
produced. It propagates down the tree structure by (24)), leading to the appear-
ance of objects S” in the intermediate nodes and S in the leaves. These two
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objects perform the countdown and the corresponding nodes fire by (23]). The
root behaves in a similar way by (27]).

The correctness of the construction can be argued as follows. It takes h + 1
steps for a symbol Cy to reach all leaves. All this time, symbols C' are sent up
the tree. It takes further A —1 steps for all symbols C to reach the root node, and
one more step until symbols C disappear. Therefore, symbols b appear in the
root node every odd step from step 3 until step 2h + 1, so h copies will be made.
Together with the production of b” in the root node, this number propagates
down the tree, being decremented by one at each level. For the depth ¢, the
number h—1 is represented, during propagation, by the multiplicity of symbols a
(one additional copy of a is made) in the leaves and by the multiplicity of symbols
b in non-leaf nodes. After 2h + 2 steps, the root node starts the propagation of
the countdown (i.e., decrement of symbols a or b). For a node of depth 14, it takes
i steps for the countdown signal (a’) to reach it, another h — i steps to eliminate
symbols a or b, so every node fires after 2h +2 + i+ (h —4) + 1 = 3h + 3 steps
after the synchronization has started.

Ezxample 2. Consider a P system having the same membrane structure as the
system from Example 1. The evolution of the system is as follows:

Step wy wWo w3 Wy ws Weg wr

0 S1

1 80y, SC; SCy

2 S3C SCC, SCy, SC; SO, SCy
3 SC  Sa  SaC SCCy SC10y SCy SCy
4 S3C  Sa S'C S S  SC SC.Cy
5 S4bbC Saa S'aC S S S S
6 SsbbC Saa S'b Sa Sa  Sa S
7 S4bbb Saaa S'ba  Sa Sa 5 S
8 Subbb a’'Saaa a’S'bb Saa  Saa S'a S
9 Sibb S"aa S"bb a'Saa a'Saa a’S'b  Sa
10 S0 S"a S"b S"a S"a S'b d'Sa
11 Sy S s s s 8 s
12 F F F F F F F

5 Conclusions

In this article we presented two algorithms that synchronize two given classes
of P systems. The first one is non-deterministic and it synchronizes the class
of transitional P systems (with cooperative rules) in time 2h + 3, where h is
the depth of the membrane tree. The second algorithm is deterministic and it
synchronizes the class of P systems with promoters and inhibitors in time 3h+ 3.
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It is worth to note that the first algorithm has the interesting property that
after 2h steps either the system synchronizes and the object F' is introduced, or
an object # will be present in some membrane.

The results obtained in this article rely on a rather strong target indication,
in!, which sends an object to all inner membranes. Such a synchronization was
already considered in neural-like P systems where it corresponds to the target
go. It would be interesting to investigate what happens if this target is not used.
We conjecture that a synchronization would be impossible in this case.

The study of the synchronization algorithms for different classes of P sys-
tems is important as it permits to implement different synchronization strategies
which are important for such a parallel device as P systems. In particular, with
this approach it is possible to simulate P systems with multiple global clocks
by P systems with one global clock. It is particulary interesting to investigate
the synchronization problem for P systems which cannot create new objects, for
example for P systems with symport/antiport.
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Abstract. We consider membrane systems using noncooperative rules,
but considering computations without using halting conditions. As re-
sults of a computation we take the contents of a specified output mem-
brane/cell in each transition step, no matter whether this computation
will ever halt or not, eventually taking only results completely consisting
of terminal objects only. The computational power of membrane sys-
tems using noncooperative rules turns out to be equivalent to that of
Lindenmayer systems.

1 Introduction

In contrast to the original model of P systems introduced in [5], in this paper we
only consider noncooperative rules. Moreover, as results of a computation we take
the contents of a specified output membrane in each transition step, no matter
whether this computation will ever halt or not, eventually taking only results
completely consisting of terminal objects. In every transition step, we apply the
traditional maximal parallelism. Other transition modes could be considered,
too, but, for example, applying the sequential mode would not allow us to go
beyond context-free languages. As the model defined in this paper we shall take
the more general one of tissue P systems (where the communication structure of
the system is an arbitrary graph, e.g., see [], [2]), which as a specific subvariant
includes the original model of membrane systems if the communication structure
allows for arranging the cells in a hierarchical tree structure.

The motivation to consider this specific variant of tissue P systems came dur-
ing the Sixth Brainstorming Week in Sevilla 2008 when discussing the ideas
presented in [3] with the authors Miguel Gutiérrez-Naranjo and Mario Pérez-
Jiménez. They consider the evolution of deterministic (tissue) P systems with
simple (i.e., noncooperative) rules and aim to find a mathematically sound rep-
resentation of such systems in order to deduce their behavior and, on the other
hand, to find suitable corresponding P systems for a given mathematical system
with specific behavior. Whereas in that paper only deterministic P systems are
considered, which allows for a mathematical representation like for deterministic
0L systems, and as well real values for the coefficients assigned to the symbols
are allowed, in this paper we restrict ourselves to the non-negative integer coef-
ficients commonly used in traditional variants of (tissue) P systems.
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We shall prove that the computational power of extended tissue P systems
using noncooperative rules is equivalent to that of EOL systems when taking all
results appearing in the specified output cell consisting of terminal objects only.

The present paper is organized as follows. Section [] briefly recalls the no-
tations commonly used in membrane computing and the few notions of formal
language theory that will be used in the rest of the paper; in particular, we
report the definition of (extended) L systems. Section [Blis dedicated to the def-
inition of tissue P systems with noncooperative rules working in the maximally
parallel mode. The computational power of these classes of (extended) tissue
P systems is then investigated in Section @ in comparison with the power of
the corresponding classes of (extended) L systems. Some further remarks and
directions for future research are discussed in the last section.

2 Preliminaries

We here recall some basic notions concerning the notations commonly used in
membrane computing (we refer to [6] for further details and to [9] for the actual
state of the art in the area of P systems) and the few notions of formal language
theory we need in the rest of the paper (see, for example, [§] and [I], as well as
[7] for the mathematical theory of L systems).

An alphabet is a finite non-empty set of abstract symbols. Given an alpha-
bet V, by V* we denote the set of all possible strings over V, including the
empty string A. The length of a string € V* is denoted by |z| and, for each
a € V, |z|, denotes the number of occurrences of the symbol a in z. A multi-
set over V is a mapping M : V — N such that M(a) defines the multiplicity
of a in the multiset M (N denotes the set of non-negative integers). Such a
multiset can be represented by a string ai\/l(al) aé\/l(a"’) .. .a%(a”) € V* and by
all its permutations, with a; € V, M(a;) > 0, 1 < j < n. In other words,
we can say that each string x € V* identifies a finite multiset over V' defined
by M, = {(a,|z|,) | a € V}. Ordering the symbols in V" in a specific way, i.e.,
(a1,...,an) such that {a1,...,a,} =V, we get a Parikh vector (|, ,...,|z|, )
associated with z. The set of all multisets over V is denoted by My, the set of
all Parikh vectors by Ps (V*). In the following, we shall not distinguish between
multisets and the corresponding Parikh vectors. Given two multisets  and y,
with z,y € V*, we say that the multiset x includes the multiset y, or the mul-
tiset y is included in the multiset x, and we write x J y, or y C z, if and only
if |z|, > |yl,, for every a € V. The union of two multisets « and y is denoted
by z Uy and is defined to be the multiset with |z Uy|, = |z|, + |v|,, for every
a € V. For m,n € N, by [m..n] we denote the set {x e N|m <z <n}.

An extended L system (an EOL system for short) is a construct G =
(V,T, P,w), where V is an alphabet, T' C V is the terminal alphabet, w € V*
is the axiom, and P is a finite set of noncooperative rules over V of the form
a — z. In a transition step, each symbol present in the current sentential form is
rewritten using one rule arbitrarily chosen from P. The language generated by
G, denoted by L(G), consists of all the strings over 7" which can be generated in
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this way by starting from w. An EOL system with T'=V is called a 0L system.
As a technical detail we have to mention that in the theory of L systems usually
it is required that for every symbol a from V' at least one rule a — w in P exists.
If for every symbol a from V exactly one rule a — w in P exists, then this L
system is called deterministic, and we use the notations DEOL and DOL systems.
By EOL and 0L (DEOL and DOL) we denote the families of languages generated
by (deterministic) EOL systems and 0L systems, respectively. It is known from
[8] that CF C EOL C CS, with CF being the family of context-free languages
and CS being the family of context-sensitive languages, and that CF and 0L
are incomparable, with {a2n | n > 0} € DOL — CF.

As the paper deals with P systems where we consider symbol objects, we
will also consider EQL systems as devices that generate sets of (vectors of) non-
negative integers; to this aim, given an EQOL system G, we define the set of non-
negative integers generated by G as the length set N(G) = {|z| | « € L(G) }
as well as Ps(G) to be the set of Parikh vectors corresponding to the strings
in L (G). In the same way, the length sets and the Parikh sets of the languages
generated by context-free and context-sensitive grammars can be defined. The
corresponding families of sets of (vectors of) non-negative integers then are de-
noted by NX and PsX, for X € {EOL,0L, DEOL, DOL, CF,CS}, respectively.

3 Tissue P Systems with Noncooperative Rules

Now we formally introduce the notion of tissue P systems with noncooperative
rules by giving the following definition.

Definition 1. An extended tissue P system with noncooperative rules is a con-
struct
I=n,V,T,R,Cy,io), where

n is the number of cells;

V' is a finite alphabet of symbols called objects;

T CV is a finite alphabet of terminal symbols (terminal objects);
R is a finite set of multiset rewriting rules of the form

(a, Z) — (bl, hl) e (bk, hk)

forie[l.n],a€V aswell asb; € V and hj € [1.n], j € [1.k], k > 0;

5. Co = (w,...,wy), where the w; € V*, i € [1.n], are finite multisets of
objects for each i € [1..n],

6. ig is the output cell.

AR

A rule (a,i) — (b1, h1) ... (bg, hi) in R; indicates that a copy of the symbol @ in
cell ¢ is erased and instead, for all j € [1..k], a copy of the symbol b; is added in
cell h;.

In any configuration of the tissue P system, a copy of the symbol a in cell 4
is represented by (a, i), i.e., (a,) is an element of V x [1..n].
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11 is called deterministic if in every cell for every symbol from V exactly one
rule exists.

From the initial configuration specified by (w1, ...,wy), the system evolves
by transitions getting from one configuration to the next one by applying a
maximal set of rules in every cell, i.e., by working in the mazimally parallel
mode. A computation is a sequence of transitions. In contrast to the common
use of P systems to generate sets of multisets, as a result of the P system we
take the contents of cell ip, provided it only consists of terminal objects only,
at each step of any computation, no matter whether this computation will ever
stop or not, i.e., we do not take into account any halting condition, which in the
following will be denoted by using the subscript u (for unconditional halting):
the set of all multisets generated in that way by IT is denoted by Ps,, (II). If we
are only interested in the number of symbols instead of the Parikh vectors, the
corresponding set of numbers generated by IT is denoted by N,, (IT).

The family of sets of multisets generated by tissue P systems with noncoop-
erative rules with at most n cells in the maximally parallel mode is denoted by
PsEOtP, (ncoo, max,u) (u again stands for unconditional halting). Consider-
ing only the length sets instead of the Parikh vectors of the results obtained
in the output cell during the computations of the tissue P systems, we obtain
the family of sets of non-negative integers generated by tissue P systems with
noncooperative rules with at most n cells in the maximally parallel mode, de-
noted by N EOtP,, (ncoo, max,u). The corresponding families generated by non-
extended tissue P systems — where all symbols are terminal — are denoted by
XOtP, (ncoo,max,u), X € {Ps,N}. For all families generated by (extended)
tissue P systems as defined before, we add the symbol D in front of O if the
underlying systems are deterministic. If the number of cells is allowed to be
arbitrarily chosen, we replace n by .

3.1 A Well-Known Example

Consider the DOL system with the only rule a — aa, i.e.,

G = ({a},{a},{a — aa},a).
As is well known, the language generated by G is {a2" | n > 0} and therefore
N (G) ={2"|n > 0}.
The corresponding deterministic one-cell tissue P system is

II' = ({a},{a} ,{(a,1) — (a,1) (a, 1)}, (a)).

Obviously, we get Ps,, (IT) = Ps (L (G)) and N (G) = N, (II).
We point out that in contrast to this tissue P system without imposing halting,
there exists no tissue P system with only one symbol in one cell

II'= ({a} ;{a}, R, (w))

that with imposing halting is able to generate {2" | n > 0}, because such systems
can generate only finite sets (singletons or the empty set); with N (II) denoting



Membrane Systems Using Noncooperative Rules with Unconditional Halting 133

the set of non-negative integers generated by I with halting computations we
obtain the following:

— if w= A, then N (IT) = {0};

— if R is empty, then N (IT) = {|w|};

— if w # X and R contains the rule a — A, then N (II) = {0}, because no
computation can stop as long as the contents of the cell is not empty;

— if w # X and R is not empty, but does not contain the rule a — A, then R
must contain a rule of the form a — a™ for some n > 1, yet this means that
there exists no halting computation, i.e., N (II) is empty.

4 The Computational Power of Tissue P Systems with
Noncooperative Rules

In this section we present some results concerning the generative power of (ex-
tended) tissue P systems with noncooperative rules; as we shall show, there is a
strong correspondence between these P systems with noncooperative rules and
EOL systems.

Theorem 1. For alln > 1, PsEOL = PsEOtLP, (ncoo,maz,u) = PsEOtP,
(ncoo, maz,u).

Proof. We first show that PsE0L C PsEOtP; (ncoo, max,u).
Let G = (V,T, P,w) be an EOL system. Then we construct the corresponding
extended one-cell tissue P system IT = (1, V, T, R, (w), 1) with

R={(a,1) — (b, 1)...(bg,1) | @ — by ...by € P}.

Due to the maximally parallel mode applied in the extended tissue P system
11, the computations in IT directly correspond to the derivations in G. Hence,
Ps, (II) = Ps (L (GQ)).

As for all n > 1, by definition we have PsEOtP; (ncoo,max,u) C
PsEOtP,, (ncoo,maz,u), it only remains to show that
PsEOtP, (ncoo,max,u) C PsEQL. Let

I = (nv‘/vTuRv(wlv'”vwn)viO)

be an extended tissue P system. Then we first construct the EOL system G =
(V x [1.n], Ty, P, w) with
w =L i (w;)

(U represents the union of multisets) and
To = hiy (T) U Ujen.n jzichi (V)

where the h; : V* — {(a,i) | a € V}" are morphisms with h; (a) = (a,i) for
a €V and i€ [1.n], as well as P = RU P’ where P’ contains the rule (a,i) —



134 M. Beyreder and R. Freund

(a,i) for a € V and 7 € [1..n] if and only if R contains no rule for (a,¢) (which
guarantees that in P there exists at least one rule for every a € V' x [1..n]).

We now take the projection h : T§ — T* with h((a,i0)) = a for alla € T
and h((a,j)) = A for all a € V and j € [1..n], j # ip. Due to the direct cor-
respondence of computations in IT and derivations in G we immediately obtain
Ps (h (L(G))) = Ps, (I0).

As EOL is closed under morphisms (e.g., see [8], vol. 1, p. 266f.) and therefore
Ps, (IT) = Ps(L(G")) for some EOL system G’, we finally obtain Ps, (IT) €
PsEQL. ]

As an immediate consequence of Theorem [, we obtain the following results:

Corollary 1. For all n > 1, NEOL = NEOtP, (ncoo,maz,u) =
NEOtP, (ncoo, max,u) .

Proof. Given an EOL system G, we construct the corresponding extended tissue
P system IT as above in Theorem [T} then we immediately infer N (G) = N, (I).
On the other hand, given an extended tissue P system I, by the constructions
elaborated in Theorem [I we obtain N, (IT) = N (G') = {|z| | z € h (L (G))}
and therefore N, (IT) € NEOL. O

Corollary 2. For X € {Ps,N}, X0L = XOtP, (ncoo, maz, u).

Proof. This result immediately follows from the constructions elaborated
in Theorem [ with the specific restriction that for proving the inclusion
PsOtPy (ncoo,max,u) € PsOL we can directly work with the symbols of V'
from the given non-extended tissue P system I for the OL system G to be
constructed (instead of the symbols from V x {1}) and thus do not need the
projection h to get the desired result Ps, (II) = L(G) € PsOL. Besides this
important technical detail, the results of this corollary directly follow from The-
orem [I] and Corollary [l because any non-extended system corresponds to an
extended system where all symbols are terminal. O

For tissue P systems with only one cell, the noncooperative rules can also be
interpreted as antiport rules in the following sense: an antiport rule of the form
a/x in a single-cell tissue P system means that the symbol a goes out to the
environment and from there (every symbol is assumed to be available in the en-
vironment in an unbounded number) the multiset = enters the single cell (in the
case x = X the rule a/z usually is called a symport rule, yet we do not take into
account this technical detail in the following anymore). The families of Parikh
sets and length sets generated by (extended, non-extended) one-cell tissue P
systems using antiport rules of this specific form working in the maximally par-
allel mode with unconditional halting are denoted by X FOtP; (antiy ., max, u)
and XOtP; (antiy ., max,u) for X € {Ps, N}, respectively. We then get the
following corollary:

Corollary 3. For X € {Ps,N}, XEOtP; (antiy «, max,u) = XEOL and
XOtP (antiy «, maz,u) = X0L.
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Proof. The results immediately follow from the previous results and the fact
that the application of an antiport rule a/b; ...b; has exactly the same effect
on the contents of the single cell as the noncooperative evolution rule (a,1) —
(b1,1)...(bg, 1). O

For one-cell tissue P systems, we obtain a characterization of the families gen-
erated by the deterministic variants of these systems by the families generated
by the corresponding variants of L systems:

Corollary 4. For X € {Ps,N} and Y € {ncoo,anti1 .}, XEDOL =
XEDOtP; (Y,max,u) and X DOL = X DOtP, (Y, maz,u).

Proof. As already mentioned in the proof of Corollary 2 the results immedi-
ately follow from the constructions elaborated in Theorem [I with the specific
restriction that for proving the inclusion PsEDOtP; (ncoo, max,u) C PsEDOL
we can directly work with the symbols of V' from the given (extended) deter-
ministic tissue P system IT for the EDOL system G to be constructed (instead
of the symbols from V' x {1}) and thus do not need the projection h to get the
desired result L (II) = Ps, (G) € PsEDOL. The remaining statements follow
from these constructions in a similar way as the results stated in Corollaries[I]

2, and Bl |

The constructions described in the proofs of Corollary 2 and @ cannot be ex-
tended to (non-extended, deterministic) tissue P systems with an arbitrary num-
ber of cells, because in that case again the application of a projection h would
be needed.

Without extensions, using more than one cell in tissue P systems yields addi-
tional computational power: as is well known, the finite language {a, aa} cannot
be generated by a 0L system. On the other hand, every finite set of non-negative
integers can be generated by a non-extended deterministic tissue P system with
non-cooperative rules and unconditional halting:

Ezample 1. Consider the deterministic tissue P system
H = (n7 {a}7 {a}7 R7 (a$17 MR ad:ﬂ)’ n)

with R = {(a,i) — (a,i+1) | 1 < i < n}. In the first n — 1 computation
steps, the contents of the first cells is shifted one cell further in the sequence
of cells 1 to n; after these n — 1 transition steps the contents of all cells < n is
empty and the computation stops. During the computation, at step 7, 0 < i < n,
a¥i*t1 where y;y1 :_Z;:O Zn—j, is found in the output cell n; hence, we obtain
Ny(IT) ={y; | 1 <i<n}.

As an immediate consequence of Corollary Pl and the preceding example, we
obtain the following result:

Theorem 2. NDOP;(ncoo, max,u) — NOL # ().

We conjecture that the families N DO P, (ncoo, max, u) form an infinite hierarchy
with respect to the number of cells; a formal proof of this conjecture is left as a
challenging task for future research.
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5 Conclusions and Future Research

In this paper we have shown that the Parikh sets as well as the length sets
generated by (extended) tissue P systems with noncooperative rules (without
halting) coincide with the Parikh sets as well as the length sets generated by
(extended) L systems.

In the future, we may also consider other variants of extracting results from
computations in (extended) tissue P systems with noncooperative rules, for ex-
ample, variants of halting computations or only infinite computations, as well
as other transition modes as the sequential or the minimally parallel mode. For
the extraction of results, instead of the intersection with a terminal alphabet we
may also use other criteria like the occurrence/absence of a specific symbol.

As inspired by the ideas elaborated in [3], we may investigate in more detail the
evolution/behavior of deterministic tissue P systems with noncooperative rules
based on the mathematical theory of L systems: as there is a one-to-one corre-
spondence between deterministic tissue P systems with noncooperative rules in
one cell and DOL systems, the well-known mathematical theory for DOL systems
can directly be used to describe/ investigate the behavior of the corresponding
deterministic tissue P systems with noncooperative rules.

Acknowledgements. The authors gratefully acknowledge the interesting dis-
cussions with Miguel Gutiérrez-Naranjo and Mario Pérez-Jiménez on the ideas
presented in their paper [3].
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Abstract. The Bearded Vulture (Gypaetus barbatus) is an endangered
species in Europe that feeds almost exclusively on bone remains of wild
and domestic ungulates. In this paper, we present a model of an ecosys-
tem related to the Bearded Vulture in the Pyrenees (NE Spain), by
using P systems. The evolution of six species is studied: the Bearded
Vulture and five subfamilies of domestic and wild ungulates upon which
the vulture feeds. P systems provide a high level computational model-
ing framework which integrates the structural and dynamic aspects of
ecosystems in a comprehensive and relevant way. P systems explicitly
represent the discrete character of the components of an ecosystem by
using rewriting rules on multisets of objects which represent individuals
of the population and bones. The inherent stochasticity and uncertainty
in ecosystems is captured by using probabilistic strategies. In order to
experimentally validate the P system designed, we have constructed a
simulator that allows us to analyze the evolution of the ecosystem under
different initial conditions.

1 Introduction

Animal species are interconnected in a network in which some species depend
on others in terms of feeding [10], [26]. Variations in biomass affect the compo-
sition of the population structures [24]. In mountain ecosystems, the presence
of domestic animals has disrupted the traditional relationships between wild
ungulates and their predators[6]. Animals located at the top of the ecological
pyramid are susceptible to the presence and number of these domestic animals.
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The abandonment of dead animals in the mountains is a major source of food for
necrophagous species [15]. This is the case for the Bearded Vulture (Gypaetus
barbatus), a threatened species which feeds on bone remains of domestic and
wild ungulates.

The study of population ecology and how species interact with the environ-
ment [I3] is one aspect of conservation biology of great interest to managers and
conservationists [2]. A widespread tool used in this area is the ecological model,
which uses mathematical representations of ecological processes [21].

In this study, we design a model that studies the evolution of an ecosystem
located in the Pyrenees, taking advantage of the capacity the P systems to work
in parallel. P systems provide a high level computational modeling framework
which integrates the structural and dynamic aspects of ecosystems in a compre-
hensive and relevant way. P systems explicitly represent the discrete character of
the components of an ecosystem by using rewriting rules on multisets of objects
which represent individuals of the population and biomass available. The inher-
ent stochasticity and uncertainty in ecosystems is captured by using probabilistic
strategies. The ecosystem included six species: Bearded Vulture as a scavenger
(predator) species and the Pyrenean Chamois (Rupicapra pyrenaica), Red Deer
(Cervus elaphus), Fallow Deer (Dama dama), Roe Deer (Capreolus capreolus)
and Sheep (Owvis capra) as carrion (prey) species. In order to experimentally
validate of the P system designed we have constructed a simulator that allows
us to analyze the evolution of the ecosystem under different initial conditions.
The Bearded Vulture is an endangered species and so there are many projects
that study its behavior and how it is affected by its environment. Thanks to
these studies there is a large amount of information available which is required
to define the P system and to validate the results obtained.

The paper is structured as follows. In the next section, basic concepts of the
ecosystem to be modeled are introduced. The most outstanding aspects of each
species are detailed as well as the interactions among them. In Section 3, a
dynamic probabilistic P system to describe the ecosystem is presented. In order
to study the dynamics of the ecosystem, a simulator of that probabilistic P
system is designed in Section 4. The following section is devoted to the analysis
of the results produced by the simulator. Finally, conclusions are presented in
the last section.

2 Modeling the Ecosystem

The ecosystem to be modeled is located in the Catalan Pyrenees, in the North-
east of Spain. This area contains a total of 35 breeding territories that consti-
tutes 34.3% of the Bearded Vulture’s Spanish population in 2007 (n = 102). See
Figure 1 [15].

The ecosystem to be modeled is composed of six species: the Bearded Vulture
(predator species) and the Pyrenean Chamois, Red Deer, Fallow Deer, Roe Deer,
and Sheep (prey species). Prey species belong to the bovid family, they are
herbivores and their bone remains form the basic source of nourishment for the
Bearded Vulture in the Pyrenees.
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CATALONIA

Fig. 1. Regional distribution of the Bearded Vulture in the Catalan Pyrenees

The Bearded Vulture is a cliff-nesting and territorial large scavenger distrib-
uted in mountains ranges in Eurasia and Africa. This is one of the rarest raptors
in Europe (150 breeding pairs in 2007). This species has a mean lifespan in wild
birds of 21.4 years [4]. The mean age of first breeding is 8.1 years, whereas the
mean age of first successful breeding was 11.4 years [I]. Egg-laying takes place
from December to February and after 52-54 days of incubation and after about
120 days of chick-rearing, the chick abandons the nest between June and August
[19]. Clutch size in this species is usually two eggs, but only one chick survives
as a consequence of sibling aggression [I8]. The female’s annual fertility rate in
Catalonia during the last five years is estimated around 38%.

The Bearded Vulture is the only vertebrate that feeds almost exclusively on
bone remains. Its main food source is bone remains of dead small and medium-
sized animals. In the Pyrenees, the remains of Pyrenean Chamois, Red Deer,
Fallow Deer, Roe Deer, and Sheep form 67% of the vulture’s food resources,
and the remaining 33% includes the remains of small sized mammals (e.g., dogs,
cats), large mammals (cows, horses), medium sized mammals (e.g., wild boars)
and birds [I5]. A pair of Bearded Vultures needs an average of 341 Kg of bones
per year [17],[16].

During the dispersal period (from fledgling until the birds become territorial
at 6 or 7 years), non-adult Bearded Vultures cover large distances surveying
different areas. For example, the average surface covered by four young vultures
monitored after fledging was 4932 km? (range 950-10294 km?, [23]). Breeding
birds are territorial and the approximate home ranges obtained for eight pairs
studied varied between 250 km? and 650 km?. The average annual growth in
the population of the Bearded Vultures in the Pyrenees has been estimated at
4-5%. The floating population principally remains in feeding stations situated in
the central Pyrenees (Aragon).

The natural behavior of the five bovid species is similar because they are all
herbivores and they all reach adult size at one year of age. In general, they reach
sexual maturity within two years of birth. Pyrenean Chamois and the Red Deer
have a longer life expectancy than Fallow Deer and Roe Deer (for a review of
population parameters see [7], []], [3], [9] and [20]). The natural mortality rates
are similar in all five species in the first year of life it is calculated to be 50%
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and 6% during their remaining years. In spite of the great degree of similarity
between these five species, important differences exist. For example, some are
naturally occurring while others have been introduced by human populations0.
It is essential to bear these differences in mind while defining a P system that
can simulate the ecosystem in a reliable way.

Red Deer are appreciated by hunters, not for their meat but as a trophy and
so only the males are hunted. This causes the natural evolution of the population
to be modified. The hunter only takes the head as a trophy leaving the animal’s
body in the field. Hence the carcass is eaten by other species and the bone
remains may then be eaten by the Bearded Vulture.

Fallow Deer and Roe Deer live in areas that are difficult to reach and for this
reason, the Bearded Vulture cannot take advantage of the remains of all of the
dead animals of these species.

As sheep [25] are domestic animals, humans exert a high level of control over
their populations. The size and growth of the sheep population is limited by the
owners of the flocks. The natural average life expectancy of sheep is longer than
their actual life expectancy in the field because upon a decrease in fertility rate
at the age of eight, they are removed from the habitat. Most of the lambs are
sold to market and so they are removed from the habitat in the first year of life.
Only 20% to 30% of the lambs, mostly females, are left in the field and these are
used to replace sheep that have died naturally and those older sheep that have
been removed from the flock. The number of animals in the Catalan Pyrenees
during the years 1994 and 2008 is shown in Table [0 (see Appendix).

In this study, the feeding of the Bearded Vulture is dependent on the evolution
of the P system. However the P system does not consider the fact that the
availability of food limits the feeding of the herbivores, and so the growth of
vegetation is not modeled.

Taking all of this background information into consideration, the following
data was required for each species:

— Iy: Age at which adult size is reached. Age at which the animal consumes
as much as an adult. At this age the animal will have surpassed the critical
early phase during which mortality rate is high;

— I5: Age at which it begins to be fertile;

— I3: Age at which it stops being fertile;

— I: Average life expectancy;

— I5: Fertility ratio (number of descendants by 100 fertile females);

— Is: Mortality ratio in first years, age < I; (this quantity is expressed in terms
of percentage);

— I7: Mortality ratio in adult animals, age > I; (this quantity is expressed in
terms of percentage);

— Ig: Ratio of females in the population (this quantity is expressed in terms of
percentage).

The required information about each species is shown in Table 2 (see the
Appendix).
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When an animal dies, the weight of the bones that it leaves behind is around
20% of its total weight. Table Bl (see Appendix) shows the average weight of each
animal as well as the weight of bones left behind. In the case of Fallow Deer and
Roe Deer, the value of the weight of bones is then multiplied by 0,2 (20%) which
is the portion of bones from which the Bearded Vulture may benefit.

In the P system only Bearded Vultures older than 8 are considered, because
younger ones are floating birds. There are seven feeding stations in Catalonia
which provide around 10500 kg of bone remains annually. These artificial feeding
sites have not been considered in the study and most of the floating birds feed
at these sites.

3 A P System Based Model of the Ecosystem

Membrane computing is a branch of Natural Computing that was initiated
at the end of 1998 by Gh. Paun (by a paper circulated at that time on the
web and published in 2000 [22]). Since then it has received important atten-
tion from the scientific community. Details can be found on the web page
http://ppage.psystems.eu/

In short, one abstracts computing models from the structure and the func-
tioning of living cells, as well as from the organization of cells in tissues, organs,
and other higher order structures. The main components of such a model are
a cell-like membrane structure, in the compartments of which one places multi-
sets of symbol-objects which evolve in a synchronous maximally parallel manner
according to given ewvolution rules, also associated with the membranes.

The semantic of the P systems is defined as follows: a configuration of a P
system consists of a membrane structure and a family of multisets of objects
associated with each region of the structure. At the beginning, there is a config-
uration called the initial configuration of the system.

In each time unit we can transform a given configuration to another one
by applying the evolution rules to the objects placed inside the regions of the
configurations, in a non—deterministic, and maximally parallel manner (the rules
are chosen in a non—deterministic way, and in each region all objects that can
evolve must do so). In this way, we obtain transitions from one configuration of
the system to the next.

A computation of the system is a (finite or infinite) sequence of configurations
such that each is obtained from the previous by a transition, and shows how the
system is evolving. A computation that reaches a configuration in which no more
rules can be applied to the existing objects is called a halting computation. The
result of a halting computation is usually encoded by the multiset associated
with a specific output membrane (or the environment) in the final configuration.

In this section, we present a model of the ecosystem described in Section 2 by
means of probabilistic P systems. We will study the behavior of this ecosystem
under diverse initial conditions.

First, we define the P systems based framework (probabilistic P systems),
where additional features such as two electrical charges which describe specific
properties in a better way, are used.
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Definition 1. A probabilistic P system of degree n is a tuple

I = (F’ My W1y, W, Ra {CT‘}T’ER)a
where:

— I is the alphabet (finite and nonempty) of objects (the working alphabet);
W is a membrane structure, consisting of n membranes, labeled 1,2,...,n.
The skin membrane is labeled by 1. We also associate electrical charges with
membranes from the set {0, +}, neutral and positive;

— Wi, ...,w, are strings over I', describing the multisets of objects initially
placed in the n regions of p;

— R is a finite set of evolution rules. An evolution rule associated with the
membrane labeled by i is of the form r: u[ v ]; == u'[ V' |;, where u,v,u', 0’
are a multiset over I' and ¢, is a real number between 0 and 1 associated
with the rule.

We assume that a global clock exists, marking the time for the whole system
(for all compartments of the system); that is, all membranes and the application
of all rules are synchronized.

The n-tuple of multisets of objects present at any moment in the n regions
of the system constitutes the configuration of the system at that moment. The
tuple (w1, ..., wy,) is the initial configuration of the system.

The P system can pass from one configuration to another by using the rules
from R as follows: at each transition step, the rules to be applied are selected
according to the probabilities assigned to them, and all applicable rules are
simultaneously applied and all occurrences of the left—-hand side of the rules are
consumed, as usual.

3.1 The Model

Our model consists of the following probabilistic P system of degree 2 with two
electrical charges (neutral and positive):

I = (F7 M, wy, w2, R7 {CT}TER)a
where:

— In the alphabet I', we represent the six species of the ecosystem (index ¢ is
associated with the species and index j is associated with their age, and the
symbols X, Y and Z represent the same animal but in different states); it
also contains the auxiliary symbol B, which represents 0.5 kg of bones, and
C, which allows a change in the polarization of the membrane labeled by 2
at a specific stage.

F:{Xij,Y;j, ijllSiSZOSjSk‘iA}U{B,O}

— In the membrane structure, we consider two regions, 4 = [ [ ]2 |1 (neutral
polarization will be omitted):
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e the skin region where the objects that represent animals evolve according
to the rules of reproduction and mortality.
e an inner membrane where the objects associated with animals evolve
according to the feeding rules.
— In wy and we, we specify the initial number of objects present in each region
(encoding the initial population and the initial food);

o w = {ij“ |1 <i <7, 0<j < kja}, where the multiplicity g;;
indicates the number of animals, of species i whose age is j that are
initially present in the ecosystem,;

e wy = {C B®}, where a is defined as follows:

21

a=[> q; 110-682]
j=1

Value a represents an external contribution of food which is added dur-
ing the first year of study so that the Bearded Vulture survives. In the
formula, g1; represents the number of j years of age of Bearded Vul-
tures, the finality of constant factor 1.10 is to guarantee enough food for
10% population growth. At present, the population growth is estimated
an average 4%, but this value can reach higher values. Thus, to avoid
problems related with the underestimation of this value the first year we
estimated the population growth (overestimated) at 10%. The constant
value 682 represents the amount of food needed per year for a Bearded
Vulture pair to survive.

— The set R of evolution rules consists of:

e Reproduction-rules.
Adult males:
* 1o = [X; Yiili, 1<i<T,kio<j<kia.
Adult females that reproduce:
ki 5-ki13-(1—k; 15) . .
* = [Xi; — YiiYioli, 1 <i <7, kia <j<kigs.
Fertile adult females that do not reproduce:
(I—k; 5) ki 13 (1—ki 15) . .
* 1o = [X; — Yijli, 1 <0 <7, kip <j<kis.
Not fertile adult females:
ki13-(1=k; 15) . .
*r3 = (X T—— " Y, 1<0<7, kiz<j<kia.
Young animals that do not reproduce:

(I1=kj13) (1—k4 15)

1-ki15

* g = [ X —— Y, 1<i<7,0<j<ko.
o Growth rules.

* 15 = [Xij Yik, o Yijlt, 1 <4 <7, kio <j < kia

(1—k; 6—ki10) Fi,15 . .
= [Xy; — Yijli, 1<t <7, kig <j<ka.
x 17 = [Xij =5 Yig,, Yo, 1< <7, j=kia
(1—k; 6) ki, 15 . .

= [X;; Yijli, 1<i<7, j=ka.

(ki,6+Fi10) Fi 15
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Mortality rules.
- Young animals
Those which survive:
w19 = Vi |2 0 Zigla, 1< <7, 0< < ks
Those which die: N
¥ 110 = Vig[ |]a —2[BFint]y, 1<i <7, 0< 5 <kig.
Those which are retired from the ecosystem:
s = [V —T Ay, 1<i<T, 0< ) < ks
- Adult animals that don’t arrive at an average life expectancy .
Those which survive:
* 12 = Yi[ ]2 m’[zijb’ 1<i<7, kig <j<kia.
Those which die:
* r13 = Y[ |2 [BFi2]y 1<i<7, kg <j<kia.
- Animals that arrive at an average life expectancy:
Those which growth population depend on the fertility ratio and die in
the ecosystem:

ki, 10

1=k 15) (ki 9+(1—k; 9)ki 10)
B

* 114 = Yi5[ |2 [BFiiz]y 1< <7, j=kia.
Those which growth population depend on the fertility ratio and are

retired of the ecosystem:
(1—=k; 15) (1—k; 9)-(1—k; 10)
_

* 115 = [V N, 1<i<7, j=ka.
Those which growth population not depend on the fertility ratio:

ki, 15

* 116 = Yij[ J]o ——[Zik, n)2, 1 <0 <7, = kia.
Feeding rules.

* 7 = [ZijBk""M]Q — Xij—l—l[ ];, 1 S ) S 7, 0 S] S ]4}1‘74.
Balance rules. The propose of this rules is to make a balance at the end
of the year. It is to say the leftover food not served for the next year, so
it is necessary eliminate, and if the amount of food not is enough some
animals die.
Elimination of remaining bones:

* 115 = (Bl — [ ]2
Adult animals that die because they have not enough food:

* 19 = [Ziglg — [BF2]o, 1<i <7, kig <j<kia
Young animals that die because they have not enough food:

* 190 = [Zijly — [BF ]y, 1<i <7, j <k
If the food is equal to the necessary the object C allow to change the
polarization.

* 721 = [C]; — [0]2

The constants associated with the rules have the following meaning:

— k;1: Age at which adult size is reached. This is the age at which the animal

consumes food as an adult does, and at which, if the animal dies, the amount
of biomass it leaves behind is similar to the total left by an adult. Moreover,
at this age it will have surpassed the critical early phase during which the
mortality rate is high.
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— k; 20 Age at which it begins to be fertile.

— k; 30 Age at which it stops being fertile.

— k; a4t Average life expectancy in the ecosystem.

— ki 5: Fertility ratio (number of descendants by fertile females).

— ki : Population growth (this quantity is expressed in terms of 1).

— ki 7: Animals retired from the ecosystem in the first years, age < k; 1 (this
quantity is expressed in terms of 1).

— ki g: Natural mortality ratio in first years, age < k; 1 (this quantity is ex-
pressed in terms of 1).

— k; 9:0 if the live animals are retired at age k; 4, in other cases, the value is 1.
— k;,10: Mortality ratio in adult animals, age > k; 1 (this quantity is expressed
in terms of 1).

— k;,11: Amount of bones from young animals, age < k; 1 .

— ki 12: Amount of bones from adult animals, age > k; ;.

— ki 13: Proportion of females in the population (this quantity is expressed in
terms of 1).

— ki 14: Amount of food necessary per year and breeding pair (1 unit is equal
to 0.5 kg of bones).

— ki15: Equal to 0 when the species experience natural growth (animals that
remain in the same territory throughout their lives) and is equal to 1 when
animals are nomadic (the Bearded Vulture moves from one place to another
until it is 6-7 years old, at which point it remains in one location).

Values for each species are shown in Table Ml (see Appendix). Most values in

that table are equal to those in Table [2] (see Appendix), but it is necessary to

0
0
C
B
2
Xij
1
Reproduction-
Growth
0
0
C Yio
B
2
Mortality by lack of food Yi
S Natural / hunter
Elimination of |eftover food 1 mortality
Reproduction-
Growth
0 0
+ 0
c B ' C B
7y Feeding z;
2 2
Xij
1 1

Fig. 2. Structure of the P system running
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remark on values k4 19 and k; 14. Value k4,19 is obtained by adding 6% of natural
mortality to 30% of animals killed by hunters. Value ki 14 is 67% of 682 units
(341-2) which is the food the Bearded Vulture obtains from the other five species
of ungulates modeled in the ecosystem.

The P system designed implements a four—stage—running. The first one is
devoted to the reproduction of the diverse species in the ecosystem. Then, the
animals’ mortality is analyzed according to different criteria. The third stage
analyzes the amount of food in the ecosystem. In the last stage, the removal of
animals due to lack of food takes place. These stages are depicted in Figure 2.

4 A Simulator

In order to study the dynamics of the species that belong to the ecosystem, we
have designed a simulator written in C++ language. This program runs on a PC.

In the simulation, the objects that encode the species and the age are repre-
sented by two vectors that are related through the number assigned to each ani-
mal of the ecosystem. The objects of the P system evolve in a random way; this
stochasticity is implemented by generating random numbers between 1 and 100,
according to a uniform distribution. One of the generated numbers is assigned
to each animal. Then, the animal evolves according to the assigned number and
the constant probability. For example, when the probability of surviving is 70%,
the animal will die if the assigned number is higher than 70.

The input of the program consists of the parameters of each species that are
considered in the P system and the number of animals of each species and age
that are present at time zero. The output is the number and age of animals of
each species that are present every year after completing the following processes:
reproduction, mortality and feeding.

In nature, an ecosystem is governed by nondeterminism, and this implies a
complex mathematical model. Nevertheless, all the processes that are carried
out have an important degree of randomness. This randomness can be predicted
and can be quantified at every moment and situation within the ecosystem.

The program has been structured in four modules which correspond to each
of the stages in which the P system is implemented.

— Reproduction. The inputs are the age at which each species begins to be
fertile, the age at which it stops being fertile, the fertility rate, and the
proportion of females of the species. This module also requires the total
number of existing animals and the distribution of these animals in terms
of species and ages. The output of this module is the number and age of
animals of each species.

The population growth of the Bearded Vulture is not obtained from the
natural reproduction of the animals in the ecosystem but it depends on the
floating population and the environment.
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The annual growth ratio has been obtained by R. Heredia [II] in an
experimental way. Another input of this module is the growth percentage
with respect to the total population, and the output (as in the case of animals
natural reproduction) is the number of animals at each age.

— Mortality. The inputs are the mortality rate based on the age, the average life
expectancy of each species, and finally the weight of bones left by the dead
animal which is dependent on its age. Once again, this module also requires
the total number of animals and their distribution in terms of species and
ages. As with the other modules, the output of this module is the number
and age of animals of each species when the process is completed. Another
output of this module is the amount of food that is generated in terms of the
weight of bones produced that provides the Bearded Vulture’s basic source
of nourishment.

— Feeding. The inputs are the amount of food available in the ecosystem and
the annual amount of food that is necessary for the animal to survive under
suitable conditions, in other words: conditions under which the animals are
not debilitated and do not suffer the consequent effects on their capabilities.
As was seen in the previous modules, inputs are generated by the P system
itself as it quantifies objects representing the number of animals of each
existing species and age. Once again, the output of this module is the number
and age of animals of each species.

— FElimination of unused leftover food and the animal mortality from insuf-
ficient feeding. The input of this module is part of output of the feeding
module. The aim of this process is to eliminate the number of animals that
were not able to find the necessary amount of food for their survival, and
also to consider the amount of leftover food that is degraded with time and
that therefore ceases to play a role in the model. The animals that die due
to a lack of food are transformed into bones that can then be eaten by the
Bearded Vulture. The output of this module is an amount of food in the
form of bones that is available to the Bearded Vulture.

The unit of reference used in this study is the year: that is, the food consumed
throughout an annual period is given at one single point in time, and with one
application of each rule. The mortality of animals in an ecosystem is also a
process that is carried out in a continuous way, throughout the year. However,
reproduction is an activity that takes place at a specific time of the year, and
moreover, takes place at the same time for all of the species considered in this
study. It will be necessary to verify whether the one year unit of time chosen
is correct or whether a shorter unit of time should be used in the P system.
It is also necessary to check the robustness of the proposed model and to do
this, it is run a second time with a modified order of application of the four
processes modules. Given independence of the four modules that form the P
system, it would be a simple exercise to run probability experiments with each
module.
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5 Results and Discussion

We have run our simulations using a program written in C++ language incor-
porating a specification of our model. We have considered the year as the unit
of time, so it has been necessary to discretize feeding and mortality variables.

As shown in Table [ (see Appendix), data on the current number of animals
in the Catalan Pyrenees do not specify the ages of animals. An age distribution
has been estimated considering the different constants that affect the animals
throughout their life. These constants are fertility rate, mortality rate and per-
centage of females in the population. We have obtained two estimations, one for
the year 1994 which has been used for the experimental validation, shown in
Table B (see Appendix), and another for the year 2008 which has been used to
study the robustness of the P system, shown in Table [ (see Appendix).

5.1 Robustness

First, we have studied the robustness of our P system model with respect to
several parameters.

According to the design of the P system, reproduction rules have a higher
priority than mortality rules. Subsequently, the robustness of the model regard-
ing the change of that priority is analyzed. For that reason, two variants of the
simulator have been studied changing the order of the corresponding modules.
This fact can be implemented in the P system by changing variable X to variable
Y in the initial multiset M.

In both cases, the simulator was run 10 times until it covered a period of 20
years, the input being the number of animals in 2008.

In Figure 3, solid lines and dashed lines represent the population dynam-
ics when the simulator modules are applied following the orders reproduction—
mortality—feeding and mortality—feeding—reproduction, respectively. Taking into
account that the P system behavior is similar in both cases, it can be deduced
that our model is robust with regard to the properties considered.

5.2 Experimental Validation

Let us suppose that we are studying a phenomenon for which we have (a sufficient
amount of) data experimentally obtained (in the laboratory, through field—work,
etc.) from some prefixed conditions. Let us suppose that we design a computa-
tional device trying to capture the most relevant facts, and we have a program
which allows us to run simulations. We can say the model is experimentally vali-
dated if the results obtained with the simulator (from initial configurations corre-
sponding to the prefixed conditions) are in agreement with the experimental data.

It should be noted that Table [l (see Appendix) shows those data experimen-
tally obtained corresponding to the years from 1994 to 2008 (the input being
the number of animals in 1994) covering a period of 14 years. We have run our
simulator 10 times as it supposes a reduction of 70% of the deviation.

Table [ (see Appendix) and Figure 4 show the difference between the average
number of animal species obtained with the simulator compared with the censuses
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Fig. 3. Robustness of the ecosystem

estimated for 2008. In 2004, the Pyrenean Chamois species was affected by a dis-
ease which led to a decrease in the population to 10000 animals. In the third column
of that table, the evolution of the P system is shown without taking into account
this piece of information, while in the fourth column it has been considered.

Figure 5 shows the deviation and the coefficient of variation (percentage of
deviation with respect to the average) for every year of the simulated data. The
deviation increases as we move away from the initial year. Therefore, the noise is
greater when we make predictions in the long term. The coefficient of variation
obtained in the species studies over 14 years does not exceed the 14% for the
Bearded Vulture and the 5% for the rest of the species. In the case of the Bearded
Vulture, the value is higher than the others due to the low number of breeding
pairs of the Bearded Vulture.

The proposed P system can be considered a good model for the study of the
evolution of an ecosystem. Variations noticed among the available data regarding
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Number of animals
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Fig. 4. Average number of animals obtained with the simulator in comparison with
the censuses estimated for 2008

the number of animals of each species from 1994 to 2008 (see Table[I]) (see Ap-
pendix) are of almost no importance if we take into account that these data are
taken from estimated censuses and are never exact. Under the same conditions
as a starting point, the ecosystem has a certain behavior pattern as it evolves,
showing variations inherent to probabilistic systems.

The very important factor of population density was not considered in the
model of the ecosystem. In this sense, as has been documented in other raptor
species, density dependence and